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Abstract
This paper develops a dynamic model of discrete choice that incorporates peer e¤ects
into consideration sets. We characterize the equilibrium behavior and study the empirical content of the dynamic model we o¤er. In our set-up, the choices of friends act as
exclusion restrictions. They provide the variation in the consideration sets that we exploit to recover the ranking of preferences of each person, the attention mechanism, and
the set of connections between the people in the network. The identi…cation strategy
we o¤er does not rely on the variation of the set of available options (or menus), which
remain the same across all the observations.
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Introduction

Much research in economics has found that peer e¤ects have an important role in explaining
people0 s choices. The basic idea is that a person is more likely to select a speci…c option if
more of her friends are doing so. Models of peer e¤ects typically assume that the person is
aware of all the available options and the choices of friends a¤ect her preference ranking. The
more recent literature on (single-agent) consideration set models relaxes this full awareness
postulate by allowing people to consider only a subset of the available options when making
a decision. We develop a dynamic model of discrete choice that incorporates peer e¤ects in
the formation of consideration sets. In doing so, we provide an alternative mechanism for
peer e¤ects. The model we o¤er is quite tractable from an applied perspective. In particular,
we show that all its primitives can be uniquely recovered from a sequence of choices. These
primitives include the strict preference ranking of each person, the attention mechanism, and
(surprisingly) the set of connections between the people in the network!
In our set-up, people are linked through a social network that captures the interactions
between individuals. Each person in the network has a strict preference order over a …nite set
of options or alternatives. At random moments, a given person can revise her current choice
and pick up a new option. The person sticks to this option till the revision opportunity arises
again. We assume the person is boundedly rational and does not consider all the available
options at the moment of revising her selection. Instead, she observes the choices of her
friends and forms a consideration set. Then the person selects the most preferred option
among the ones she is actually considering. This model leads to a sequence of choices that
evolve through time according to a continuous-time Markov process.
We initially show the dynamic system has a unique equilibrium (or invariant distribution).
We do so under the assumption that each option has (a priori) nonzero probability of being
considered by each person irrespective of the choices of her peers. This assumption captures
the idea that a person can eventually learn about an alternative in many di¤erent ways
(outside the control of our model) including the possibility of watching an ad on television.
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It assures that we can move from any initial con…guration of choices to any other one in …nite
time. We then show that the model primitives are uniquely identi…ed up to conditional choice
probabilities of agents. In the single-agent consideration set models these conditional choice
probabilities are usually directly observed objects. Since we deal with a continuous-time
dynamic model, we need to take extra steps and establish identi…cation of the conditional
choice probabilities as well. We do so for alternative datasets.
We build the identi…cation results in a sequence of steps. First, we assume that the
conditional choice probabilities can be recovered from the data. Each of these probabilities
informs us about the frequency of choices of a given person conditional on the alternatives
selected by others. In our model, a person is more likely to pay attention to a speci…c option
if more of her friends are currently adopting it. Thus, the choices of friends act as exclusion
restrictions. They provide the variation in the consideration sets that we exploit to recover
the set of connections between the people in the network and their ranking of preferences.
We can then use this information to recover the attention mechanism of each person, i.e., the
probability of including a speci…c option in the consideration set as a function of the number
of friends who are currently choosing it. Interestingly, the identi…cation strategy we pursue
does not rely (as most of the theoretical work on consideration sets) on variation of the set
of available options (or menus).
Second, we study identi…cation of the conditional choice probabilities. We consider three
datasets that di¤er regarding its informational content: continuous-time data; discrete-time
data with arbitrary time intervals; and the distribution of equilibrium choices. The …rst two
datasets allow us to recover the transition rate matrix of the dynamic system (also known as
the in…nitesimal generator matrix in the statistical literature), and from there we can identify
the conditional choice probabilities. In the case of continuous-time data the transition rate
matrix is identi…ed without any extra restrictions. To identify the transition rate matrix
using discrete-time data with arbitrary time intervals, we invoke insights from Blevins (2017,
2018). The driven force of this result is that the transition rate matrix in our model is rather
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parsimonious. In particular, the selection revision process we use is such that the probability
that two or more people revise their selected options at the same time is zero. This property
translates into a transition rate matrix that has zeros in many known locations.
In the third dataset, we study the possibility of recovering the conditional choice probabilities from equilibrium behavior. (This dataset is clearly less informative than the two
previous ones.) To this end, we …rst show that, under symmetry restrictions, the equilibrium
behavior of our model coincides with the so-called Gibbs equilibrium. In this context, identi…cation follows immediately. In particular, the conditional choice probabilities of each person
coincide with the corresponding conditional probabilities obtained from equilibrium behavior.
We o¤er some insights to extend this idea to the heterogeneous case.
All previous results rely on deterministic preferences. We then show these results extend
to the case of stochastic preferences (in addition to stochastic consideration sets) if each
person has a few connections. We …nally illustrate the main ideas using a simple model of
restaurant choice. This illustration highlights the role of the network structure in shaping
people mistakes, e.g., it shows that homophyly reduces the frequency of mistakes. It also
highlights some estimation aspects of our model.
From a modelling perspective, our set-up combines the dynamic model of social interactions of Blume (1993, 1995) with the (single-agent) model of random consideration sets of
Manzini and Mariotti (2014). By adding peer e¤ects into the consideration sets we are able
to use the choices of others as instruments to recover preferences. As we mentioned above,
the literature on identi…cation of single-agent consideration set models has mainly relied on
variation of the set of available options or menus. The latter includes Aguiar (2017), Aguiar
et al. (2016), Brady and Rehbeck (2016), Caplin et al. (2018), Cattaneo et al. (2017), Horan
(2018), Lleras et al. (2017), Manzini and Mariotti (2014), and Masatioglu et al. (2012).1
(See Aguiar et. al (2019) for a comparison of several consideration set models in an ex1

See also Manski (1977) for a throughout formulation of the discrete choice model that incorporates the

possibility that the decision maker only considers a sub-set of options.
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perimental setting.) Other papers have relied on the existence of exogenous covariates that
shift preferences or consideration sets. The latter include Barseghyan et al. (2019), Conlon
and Mortimer (2013), Dranganska and Klapper (2011), Gaynor et al. (2016), Goeree (2008),
Mehta et al. (2003), and Roberts and Lattin (1991). Variation of exogenous covariates has
also been used by Abaluck and Adams (2017) via an approach that exploits symmetry breaks
with respect to the full consideration set model.
As we also mentioned, we can recover from the data the set of connections between the
people in the network. In the context of linear models, a few recent papers have made progress
in the same direction. Among them, Blume et al. (2015), Bonaldi et al. (2015), De Paula
et al. (2018), and Manresa (2013). In the context of discrete-choice, Chambers et al. (2019)
also identify the network structure but in their model peer e¤ects do not a¤ect consideration
sets but preferences (among other di¤erences).
The connection between the equilibrium behavior in our model and the Gibbs equilibrium
is similar to the one in Blume and Durlauf (2003).
Let us …nally mention two other papers that incorporate peer e¤ects in the formation of
consideration sets: Borah and Kops (2018) do so in a static framework and rely on variation
of menus for identi…cation. Lazzati (2018) considers a dynamic model but the time is discrete
and she focuses on two binary options that can be acquired together.
The rest of the paper is organized as follows. Section 2 presents the model and describes the
equilibrium behavior. Section 3 studies the empirical content of the model. Section 4 extends
the initial idea to contemplate random preferences in addition to random consideration sets.
Section 5 presents some simulation results for a model of choosing a restaurant. Section 6
concludes, and all the proofs are collected in Section 7.
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2

The Model

2.1

Social Network, Consideration Sets, and Choices

There is a …nite set of people connected through a social network. The network is described by
a simple graph

= (A; e), where A = f1; 2; :::; Ag is the set of nodes (or people) and e is the

set of edges. Each edge identi…es two connected people and the direction of the connection.
For each person a 2 A, her set of friends (or reference group) is de…ned as follows
Na = fa0 2 A : a0 6= a and a0 is connected to a through an edge in g .
There is a set of alternatives Y = Y [ fog from which each person might choose, where
Y = f1; 2; :::; Y g is a …nite set of options and o is a default option. Each person a has a strict
preference order

a

over the set of options Y. All people agree in that the default option is
A

the least preferred. We refer to y = (ya )a2A 2 Y as a choice con…guration.
We model the revision process of alternatives as a standard continuous-time Markov
process on the space of choice con…gurations that describes the evolution of people choices
through time. In particular, we assume that people are endowed with independent Poisson
"alarm clocks" with rates

= ( a )a2A . At randomly chosen moments (exponentially distrib-

uted with mean 1= a ) the alarm of person a goes o¤.23 When this happens, the person selects
the most preferred alternative among the ones she is actually considering. Let us indicate by
C

A her consideration set. The decision rule of person a can be summarized by a simple

indicator function
Ra (vj C) = 1 (v

a

v 0 for all v 0 2 C)

that takes value 1 if v is the most preferred alternative in C according to
2
a
n

That is, each person a is endowed with a collection of random variables f
a
n 1

is exponentially distributed with mean 1=

a.

a 1
n gn=1

a

: If, at the

such that each di¤erence

All these di¤erences are independent across people

and time.
3
See Blume (1993, 1995) for theoretical models that rely on Poisson "alarm clocks" and Blevins (2018) for
a nice discussion of the advantages of this type of revision process from an applied perspective.
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moment of choosing, the consideration set of person a does not include any alternative in Y,
then the person selects the default option.
In our model, whether person a pays attention to a particular alternative depends on the
con…guration of choices of her friends at the moment of revising her selection. Let Nva (y) be
the number of friends of person a who select option v in choice con…guration y. Formally,
Nva (y) =

X

a0 2Na

1 (ya0 = v) :

The probability that person a pays attention to alternative v 2 Y given a choice con…guration
y is Qa (vjNva (y)). That is, whether the person pays attention to a speci…c alternative depends

on how popular that alternative is among her group of reference. It follows that the probability
of facing consideration set C is
Q

v2C

Qa (vjNva (y))

Q

v 2C
=

(1

Qa (vjNva (y))) :

By combining preferences and stochastic consideration sets, the (ex-ante) probability that
person a selects (at the moment of choosing) alternative v 2 Y is given by
Pa (vjy) =

X

C 2

Ra (vj C)
Y

Q

v 0 2C

0

Qa v 0 jNva (y)

Q

v 0 2C
=

0

Qa v 0 jNva (y)

1

:

When preferences are deterministic, this last expression simpli…es to
Pa (vjy) = Qa (vjNva (y))

Q

v 0 2Y;v 0

av

The probability of selecting the default option o is just

1
Q

0

Qa v 0 jNva (y)
v2Y

(1

:

(1)

Qa (vjNva (y))) : That is, the

default option is selected only when the consideration set is empty.
Let us add a few comments about our model. First, it represents truly boundedly rational
agents. The people in our framework do not solve a dynamic optimization problem and their
choice sets may thereby not include their most preferred alternatives for long periods of time.
Second, in our initial speci…cation, the only source of randomness in choice is via consideration
sets. In this sense, our initial model captures a single, though important, channel of possible
mistakes in choices. The social network shapes the nature and the strength of these mistakes.
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We extend the analysis to random preferences in Section 4. In this extension, Ra ( j C) is not
an indicator function but a distribution on Y:
Remark. Our attention mechanism assumes that the probability of paying attention to a
given option depends on the choices of peers at the moment of revising the selection. It is
independent of the current selection of the person. The model can be modi…ed to allow the
current choice of the agent to a¤ect her next choice when the revision moment arrives. All
our results would go through with mild modi…cations except the connection of our model with
the Gibbs random …eld models.

2.2

Equilibrium

The independent identically distributed (i.i.d.) Poisson "alarm clocks", which lead the selection revision process, guarantee that at each time interval at most one person revises her
selection almost surely. Thus, the transition rates between choice con…gurations that di¤er
in more than one component are zero. Formally, the transition rate from choice con…guration
y to any di¤erent one y0 is as follows
8
P
0
< 0
6 ya ) > 1
if
a2A 1 (ya =
:
m (y0 j y) =
P
P
:
0
0
0
P
(y
jy)
1
(y
=
6
y
)
if
1
(y
6
=
y
)
=
1
a
a
a
a
a
a2A a a
a2A

(2)

In the statistical literature on continuous-time Markov processes these transition rates are the
out of diagonal terms of the transition rate matrix (also known as the in…nitesimal generator
matrix ). The rate of transition out from a given choice con…guration y is simply
m (y j y) =

X

A

y0 2Y nfyg

m (y0 j y) :

We will indicate by M the transition rate matrix. In our model, the number of choice
con…gurations is (Y + 1)A . Thus, M is a (Y + 1)A

(Y + 1)A matrix. There are many

di¤erent ways of ordering the choice con…gurations and thereby writing the transition rate
matrix. To avoid any sort of ambiguity in the exposition, we will let the choice con…gurations
8

be ordered according to the lexicographic order with o treated as zero. Constructed in this
way the …rst element of M is (for instance) M11 = m (o; o; :::; o)0 j (o; o; :::; o)0 : Formally, let
n
o
(y) 2 1; 2; :::; (Y + 1)A be the position of y according to the lexicographic order. Then,
M (y) (y0 ) = m (y0 j y) :
An equilibrium in our model is an invariant distribution

A

: Y ! [0; 1], with

P

y2Y

A

(y) =

1, of the dynamic process with transition rate matrix M. It indicates the likelihood of each
choice con…guration y in the long run. This equilibrium behavior relates to the transition
rate matrix in a linear fashion
M = 0.
To guarantee existence of such an equilibrium we impose a simple restriction. This extra
assumption will also play a key role in the identi…cation of the model.
A

(A1) For each a 2 A, v 2 Y, and y 2 Y ,
1 > Qa (vjNva (y)) > 0:
Assumption A1 simply states that, for any choice con…guration, the probability that any
given option ends up in the consideration set of each person at the moment of revising her
selection is strictly positive. This assumption captures the idea that a person can eventually
learn about an alternative in many di¤erent ways (outside the control of our model) including
the possibility of watching an ad on television. It follows from A1 that each subset of options
is (ex-ante) considered with nonzero probability.
P
Below, we let a (y a ) = v2Y (v; y a ) with y

a

= (ya0 )a0 2Anfag 2 Y

A 1

: Proposition

1 states equilibrium existence and characterizes equilibrium behavior.
Proposition 1 If A1 is satis…ed, then there exists a unique . Also,
(y) = P

1

a2A

a

X

a2A

a Pa

(ya jy)
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satis…es
A

a

(y a ) for each y 2Y :

The next example describes the equilibrium behavior of a simple speci…cation of our model.
Example 1: There are two identical, connected people that select among two alternatives,
namely, option 1 and the default option o. The rates for their Poisson "alarm clocks" are 1.
Thus, for a = 1; 2, we get that
Pa (1jy) = Q (1jNva (y)) and Pa (ojy) = 1

Q (1jNva (y)) :

Note that we avoided the sub-index in Q because of the symmetry.
The transition rate matrix M is as follows. (The columns are ordered as the rows.)
(o; o)
(o; 1)

1

Q (1j0)

(1; o)

1

Q (1j0)

(1; 1)

Q (1j0)

2Q (1j0)

Q (1j0)
1 + Q (1j0)

0
1 + Q (1j0)

0

1

Q (1j1)

Q (1j1)

0
Q (1j1)

0
1

Q (1j1)

Q (1j1)

:

Q (1j1)
2 + 2Q (1j1)

After simple calculations, the steady-state equilibrium is given by
Q (1j0)] [1 Q (1j1)]
N
Q (1j0) [1 Q (1j1)]
(1; o) =
N
Q (1j0) Q (1j1)
(1; 1) =
N
(o; o) =

(o; 1) =

with N = 1

3

[1

Q(1j1) + Q(1j0) :

Empirical Content of the Model

This section provides conditions under which the researcher can uniquely recover (from the
data) the set of connections

= (A; e), the pro…le of strict preferences (

a )a2A ,

the attention

mechanism (Qa )a2A , and the rates of the Poisson "alarm clocks" ( a )a2A : We o¤er alternative
conditions under which the model is identi…ed. The requirements we propose vary with the

10

strength of the datasets we consider. As it is always the case with identi…cation, we will
abstract from small sample issues.
We will separate the identi…cation analysis in two parts. First, we will assume the researcher knows the conditional choice probabilities (Pa )a2A and will provide conditions under
which the main parts of the model can be uniquely recovered from this information. We will
then elaborate on the identi…cation of the conditional choice probabilities (Pa )a2A :

3.1

Identi…cation of the Model Knowing (Pa )a2A

Let us initially assume the researcher knows the conditional choice probabilities (Pa )a2A . Our
identi…cation strategy relies on two extra assumptions.
(A2) For each a 2 A, jNa j > 0:
(A3) For each a 2 A and v 2 Y, Qa (vjk) is strictly increasing in k:
Assumption A2 requires each person to have at least one friend. Assumption A3 states that
each person pays more attention to a particular option if more of her friends are adopting it.
Under assumptions A1-A3, the choices of peers act as exclusion restrictions in the stochastic
variation of the consideration sets. This variation allows us to recover the set of connections
between the people in the network and the preference ranking of each of them. We can then
sequentially identify the attention mechanism of each person moving from the most preferred
alternative to the least preferred one. Proposition 2 formalizes these claims.
Proposition 2 Suppose A1-A3 are satis…ed and we know (Pa )a2A . Then, the set of connections

= (A; e), the pro…le of strict preferences (

a )a2A ,

and the attention mechanism

(Qa )a2A are identi…ed.
The next example sheds extra light on the identi…cation procedure we use in the last
proposition.
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Example 2: Suppose there are three people A = f1; 2; 3g that select among two alternatives
Y = f1; 2g and the default option o. The researcher knows P1 ; P2 ; and P3 : Let us consider
person 1. The probability that Person 1 selects the default option o (given a pro…le of choices
y) is
Q1 1jN11 (y)

P1 (ojy) = 1

1

Q1 2jN21 (y)

:

Under A3, we get that 2 2 N1 if and only if
P1 (ojo; o; o) > P1 (ojo; 1; o) :
Similarly, 3 2 N1 if and only if P1 (ojo; o; o) > P1 (ojo; o; 1). Thus, we can learn from the data
the set of friends of Person 1. Let us assume we get that N1 = f2g : To recover the preferences
of Person 1 note that
P1 (1jy) = Q1 1jN11 (y)
P1 (1jy) = Q1 1jN11 (y)
Thus, 2

1

Q1 2jN21 (y)

1

if 1

1

2

if 2

1

1

:

1 if and only if
P1 (1jo; o; o) > P1 (1jo; 1; o) :

Suppose that, indeed, we get that 2

1

1. We can …nally recover the attention mechanism

via the next four probabilities in the data
P1 (2jo; o; o) = Q1 (2j0)
P1 (1jo; o; o) = Q1 (1j0) (1

P1 (2jo; 2; o) = Q1 (2j1)

:

Q1 (2j0)) P1 (1jo; 1; o) = Q1 (1j0) (1

Q1 (2j1))

By a similar exercise we can recover the relevant information of Persons 2 and 3.

3.2

Identi…cation of (Pa )a2A

This section studies identi…cation of the conditional choice probabilities and the rates of the
Poisson "alarm clocks" from three di¤erent datasets.
First we assume researcher observes people0 s choices at time intervals of length
A

and

can consistently estimate Pr yt+ = y0 j yt = y for each pair y0 ; y 2Y : We will capture
12

these transition probabilities by a matrix P ( ). (Here again, we will assume that the choice
con…gurations are ordered according to the lexicographic order when we construct P ( ).)
The connection between P ( ) and M is
P ( ) = e(

M)

:

The …rst two datasets we consider only di¤er regarding

. Speci…cally, in the …rst dataset

we let the time interval be very small. We can think of this dataset as the "ideal dataset"
that registers people0 s choices in continuous time. With the proliferation of on-line platforms
and scanner this sort of data might indeed be available for some applications! In the second
dataset we allow the time interval to be of arbitrary size. In the third dataset we assume the
researcher can only recover the distribution of equilibrium choices. The informational content
clearly decreases as we move from the …rst to the last dataset.
The next table formally describes the three datasets we consider.
Dataset 1 The researcher knows lim

!0

P( )

Dataset 2 The researcher knows P ( )
Dataset 3 The researcher knows
The …rst result of this section is as follows.
Proposition 3 (Dataset 1) The conditional choice probabilities (Pa )a2A and the rates of
the Poisson "alarm clocks" ( a )a2A are identi…ed.
Remark. The proof of Proposition 3 relies on the fact that when the time interval between
the observations goes to zero, then we can recover M. There are at least two well-known
cases that produce the same outcome without requiring
the length interval

is below a threshold

! 0. The …rst one happens when

. The second one occurs when the researcher

can observe the dynamic system at two di¤erent intervals

1

and

of each other. (See, e.g., Blevins (2017) and the literature therein.)
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2

that are not multiple

The next proposition states that, by adding an extra restriction, the transition rate matrix
can be identi…ed from people0 s choices even if these choices are observed at the endpoints of
discrete time intervals. In this case, the researcher needs to know the rates of the Poisson
"alarm clocks", or normalize them in empirical work.
Proposition 4 (Dataset 2) If A2 is satis…ed, the researcher knows ( a )a2A and M has
distinct eigenvalues that do not di¤er by an integer multiple of 2 i= , then the conditional
choice probabilities (Pa )a2A are generically identi…ed.
The key element in proving Proposition 4 is that the transition rate matrix of our model
is rather parsimonious. To see why, recall that, at any given time, only one person revises
her selection with nonzero probability. This feature of the model translates into a transition
rate matrix M that has many zeros in known locations.
We …nally discuss identi…cation of the conditional choice probabilities from Dataset 3.
This discussion relies on the connection between our results with the Gibbs random …eld
models. These models have been used to study social interactions by Allen (1982), Blume
(1993, 1995), and Blume and Durlauf (2003), among many others. We will use the connection
between the two models to discuss the identi…cation of (Pa )a2A from equilibrium behavior :
To this end we will assume the rates of the Poisson "alarm clocks" are identical for all people.
In this case, by Proposition 1, the equilibrium behavior

relates linearly to the conditional

choice probabilities (Pa )a2A
(y) =

1X
A
Pa (ya jy) (y a ) for each y 2Y :
a2A
A

The main di¢ culty for identi…cation (if we only observe ) is that the number of moments in
the data is usually smaller than the number of expressions we want to recover. This can be
easily seen if we eliminate the symmetry condition in Example 1. In this case, we would be
interested in recovering four conditional choice probabilities
P1 (1j0) ; P1 (1j1) , P2 (1j0) ; and P2 (1j1) :
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(The conditional probabilities of choosing the default option can be obtained directly from
the latter.) In this illustration, the dataset would contain four equilibrium moments, namely,
(o; o),

(1; o),

(o; 1), and

(1; 1). But only three of them can be linearly independent. So,

in this case, the choice probabilities we are interested in would be just partially identi…ed.
This issue can be solved if we add symmetry across people. If we do so, we would have only
two elements to recover, and the model would be overidenti…ed. Moreover, the conditional
choice probabilities would relate to the equilibrium conditions in a simple way
P (1j0) =

(1; o) = [ (o; o) + (1; o)] and P (1j1) =

(1; 1) = [ (1; 1) + (o; 1)] :

That is, the conditional choice distributions of each person coincide with the corresponding
conditional distributions obtained from equilibrium behavior. This result can be extended
to the case of more options and/or more people by using the notion of compatibility of
conditional distributions that we include next for completeness.
De…nition: We say (Pa )a2A is a set of compatible conditional distributions if there exists a
P
A
joint distribution P: Y ! [0; 1], with y2Y A P(y) = 1, such that
Pa (ya jy) = P (y) =

X

A

ya 2Y

P (y) for each y 2Y :

The last identi…cation result follows from connecting the equilibrium behavior in our model
with the Gibbs equilibrium. A similar connection is discussed in Blume and Durlauf (2003).
Proposition 5 (Dataset 3) If (Pa )a2A is a set of compatible conditional distributions and
the rates of the Poisson "alarm clocks" are identical for all people, then the conditional choice
probabilities (Pa )a2A are identi…ed. Moreover,
Pa (ya jy) =

(y) =

A

a

(y a ) for each y 2Y :

The technical conditions required for a set of conditional distributions to be compatible
are discussed in Kaiser and Cressie (2000). Their analysis implies that compatibility demands
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strong symmetric restrictions. In particular, in the two people, two actions case, Arnold and
Press (1989) show that compatibility holds if and only if the next equality is satis…ed
1

1 Q2 (1j0) Q2 (1j1)
Q1 (1j0) Q1 (1j1)
=
:
Q1 (1j0) 1 Q1 (1j1)
Q2 (1j0) 1 Q2 (1j1)

Thus, while the identi…cation strategy in Proposition 5 is interesting in that it only requires
data on equilibrium behavior, its drawback is the symmetry restrictions that might not be
quite appealing in practice. We next explain that (in our setting) these restrictions could be
relaxed if the network is complete and large.
Assume that all people are connected. The number of people in the network is A. For
each of them, there are Y available options (in addition to the default one). Thus, the number
of equilibrium points minus one (since all of the probabilities add up one) is
(Y + 1)A

1:

This number imposes an upper bound on the number of conditional choice probabilities we
can recover from the data. Recall that, for each alternative v 2 Y,
Pa (vjy) = Qa (vjNva (y))

Q

v 0 2Y;v 0

av

h

1

0

Qa v 0 jNva (y)

i

:

Thus, the conditional choice probabilities of person a depend on the choices of others only via
the number of people that select each option. This invariant restriction reduces the number
of expressions we need to recover to
A

A+Y
Y

Y

1

:

It follows that the number of moments in the data is larger than the number of expressions
we want to recover if and only if
(Y + 1)A

1

A

Y

A+Y
Y

1

:

When Y = 1 and A = 2, as in Example 1, then this inequality is not ful…lled. (Indeed, we
explained earlier that the conditional choice probabilities are not identi…ed from equilibrium
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behavior in this case.) However, in the case of one alternative (in addition to the default
option) the inequality holds if there are at least …ve people in the network (that is, A
5). Moreover, the number of people for which the inequality holds reduces to 4 whenever
Y

2: That is, a moderately large number of connections in the network seems to help

the identi…cation of the conditional choice probabilities. Of course, this analysis is still not
complete as some of the moments in the data could still be linearly dependent.

4

Extension to Random Preferences

This section extends the previous model to allow for the possibility of randomness in preferences as well as in consideration sets. In this case, the choice rule Ra ( j C) in Section 2 is not
an indicator function but a distribution on Y: We naturally let Ra (vj C) = 0 if v 2
= C:
Keeping unchanged the other parts of the model, the probability that person a selects (at
the moment of choosing) alternative v 2 Y is given by
Pa (vjy) =

X

C 2

Ra (vj C)
Y

Q

v 0 2C

0

Qa v 0 jNva (y)

Q

v 0 2C
=

The probability of selecting the default option o is (as before)

1
Q

v2Y

0

Qa v 0 jNva (y)
(1

:

(3)

Qa (vjNva (y))) :

Example 3: If we use the logit model to represent the random preferences of person a, then
the probability that the person selects alternative 1 when alternative 2 is also part of her
consideration set would be given by
exp U1a
Ra (1j fo; 1; 2g) =
:
exp U1a + exp U2a
In this expression, U1a and U2a are the mean expected utilities that agent a gets from alternatives 1 and 2, respectively.
Under this alternative speci…cation of the model, the identi…cation of (Pa )a2A follows
from the same arguments. We will thereby assume the researcher knows the conditional
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choice probabilities, and focuses on recovering the set of connections, the pro…le of choice
probabilities, and the attention mechanism. The main result is as follows.
Proposition 6 Suppose A1-A3 are satis…ed and we know (Pa )a2A . Then, the set of connections

= (A; e) and the attention mechanism (Qa )a2A are identi…ed. For each a 2 A, the

random preferences Ra are also identi…ed if and only if, in addition, we have that jNa j

Y

1:

Remark. The last result extends to the case in which the random preferences include the
default option o with only one caveat. In this case the attention mechanism can be recovered
up to ratios of the form Qa (vjNva (y)) =Qa (vj0) : That is, we can only recover how much extra
attention a person pays to each option as more of her friends select that option.
Here again, under assumption A1-A3, the choices of peers act as exclusion restrictions
in the stochastic variation of the consideration sets and this variation su¢ ces to recover
the connections between the people in the network and the attention mechanism. The only
di¤erence from the case of deterministic preferences is that we need additional variation across
consideration sets. The extra condition guarantees the matrix of coe¢ cients for the R0a s in
expression (3) is full rank. Moreover, we show that jNa j

Y

1 is not only su¢ cient, but

necessary, to this end. We illustrate the last result by a simple example.
Example 2 (continued): Let us keep all the structure of Example 2 except for people0 s
preferences, which we now assume are random. The identi…cation of the set of connections
and the attention mechanism follows from similar ideas. Thus we will only focus on recovering
R1 ; R2 ; and R3 : Consider the next system of equations for Person 1
0
1 0
10
1
P (1jy1 ; o; o) =Q1 (1j0)
1 Q1 (2j0) Q1 (2j0)
R1 (1j fo; 1g)
@ 1
A=@
A@
A
P1 (1jy1 ; 2; o) =Q1 (1j0)
1 Q1 (2j1) Q1 (2j1)
R1 (1j fo; 1; 2g)

The fact that R1 (1j fo; 1g) and R1 (1j fo; 1; 2g) can be recovered follows because, by A3, we
have that

0

det @

1

Q1 (2j0) Q1 (2j0)

1

Q1 (2j1) Q1 (2j1)

1

A = Q1 (2j1)

18

Q1 (2j0) > 0:

The extra condition, jNa j

1, and A3 guarantee that the matrix of coe¢ cients for the

Y

R0a s is always full column rank.

5

Illustration: Choosing a Restaurant

This section simulates a sequence of choices for a simple version of our initial model that we
apply to a problem of choosing a restaurant. The exercise has two aims. First, we illustrate
how people0 s mistakes relate to the structure of the network. Second, we show how the main
parts of the model can indeed be estimated from the sequence of choices that we simulate.

5.1

Simulation

There are …ve people in the network. Their reference groups are as follows
N1 = f2g , N2 = f1g , N3 = f1; 2g , N4 = f5g , and N5 = f4g :
Note that each person has at least one friend, so A2 is satis…ed. There are two possible
restaurants at which individuals can have dinner. Restaurant 1 o¤ers Mediterranean food
and Restaurant 2 is a Steakhouse. Thus, Y = f1; 2g. The default option o involves eating at
home. The preferences of these people are as follows
2

1

1, 1

2

2, 2

3

1, 1

4

2, and 1

5

2:

That is, Persons 2, 4, and 5 prefer Mediterranean food, and Persons 1 and 3 prefer the Steakhouse. We will assume the attention mechanism is invariant across people and alternatives.
In this case, we can avoid some sub-indices and let Q(vjNva (y)) be the probability that person
a pays attention to restaurant v 2 Y if Nva (y) people of her reference group did so the last
time they reviewed strategies. We initially let
1
3
7
Q (vj0) = ; Q (vj1) = , and Q (vj2) = :
4
4
8
The rates for their Poisson "alarm clocks" are 1.
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The equilibrium behavior of this restaurant choice model is a joint distribution

with

support on 243 choice con…gurations (35 ). We simulated a long sequences of choices and calculated the equilibrium behavior. (See the Appendix for more details.) From the equilibrium
behavior we can easily obtain the marginal distributions across people.
1

(o) = 0:30

2

(o) = 0:30

3

(o) = 0:19

4

(o) = 0:30

5

(o) = 0:30

1

(1) = 0:30

2

(1) = 0:40

3

(1) = 0:29

4

(1) = 0:50

5

(1) = 0:50

1

(2) = 0:40

2

(2) = 0:30

3

(2) = 0:52

4

(2) = 0:20

5

(2) = 0:20

Finally, from these marginals we get the following probabilities of making mistakes.
Person 1 Person 2 Person 3 Person 4 Person 5
Probability of Mistakes

60%

60%

48%

50%

50%

Note that Persons 2 and 4 are identical in all respect except in the type of friend they have.
In particular, Person 4 shares with her friend the same preferences; the opposite is true for
Person 2. This di¤erence leads Person 4 to make fewer mistakes. It becomes clear from this
illustration that homophyly is good news in our model! In addition, note that Person 3,
having more friends, makes also fewer mistakes.
To illustrate a bit more how the network structure shapes people0 s mistakes, let us add
two more connections in the model. In particular, let us assume that Person 3 is part of the
consideration sets of Persons 1 and 2. That is,
N1 = f2; 3g , N2 = f1; 3g , N3 = f1; 2g , N4 = f5g , and N5 = f4g :
Repeating the previous exercise, the new network generates the following marginal distributions.
1

(o) = 0:12

2

(o) = 0:12

3

(o) = 0:12

4

(o) = 0:30

5

(o) = 0:30

1

(1) = 0:21

2

(1) = 0:42

3

(1) = 0:22

4

(1) = 0:50

5

(1) = 0:50

1

(2) = 0:67

2

(2) = 0:46

3

(2) = 0:66

4

(2) = 0:20

5

(2) = 0:20
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From these marginals, the probabilities of mistakes are as follows.
Person 1 Person 2 Person 3 Person 4 Person 5
Probability of Mistakes

33%

54%

34%

50%

50%

Note that the probabilities of making mistakes decrease for Persons 1, 2, and 3. But the
change is larger for Persons 1 and 3 as they share the same preferences over the restaurants.

5.2

Estimation

This section uses the sequence of choices we simulated in the previous section to show that
the main parts of the model can indeed be estimated. (In this case, identi…cation follows by
Proposition 4.) To this end, we will use the second speci…cation of the network structure.
Also, to make the analysis more tractable, we will impose three extra conditions: First,
we will assume each person has at most two friends. Second, we will assume the attention
mechanism is invariant across people and alternatives. Third, we will let the network be
undirected. Under these assumptions the number of possible sets of connections among people
or networks is 112.4 In addition, recall that there are 5 people in the population and two
restaurants. Thus, the number of pro…les of strict preferences

= (

a )a2A

is 25 = 32.

Finally, the attention mechanism has 3 parameters to estimate
Q = (Q (vj0) , Q (vj1) , Q (vj2))0 :
In line with A3, we will consider attention mechanisms that respect the monotonicity condition. That is, Q(vj0) < Q(vj1) < Q(vj2).5 In addition, given A1, we let Q(vjNva (y)) 2 (0; 1)
for Nva (y) = 0; 1; 2. Let us indicate by

= ( ; ;Q) an element in the space of possible

parameters we want to estimate. Each of them induces a transition rate matrix M ( ).
We normalize the intensity parameter

a

to 1 for all a 2 A. Thus, for each , we can con-

struct the transition rate matrix M ( ) using equations (1) and (2). In turn, this information
4

Without any restriction there are 225 = 33; 554; 432 possible network con…gurations.
5
Technically speaking, for estimation purposes, we can only impose weak inequalities.
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allows to calculate the so called transition matrix
P( ; )=e

M( )

:

We can use the latter to build the log-likelihood function
LT ( ) =
where

(y) 2

T 1
t=0

ln P (yt ); (yt+1 ) ( ; )

o
n
A
is the position of y according the lexicographic order, and
1; 2; :::; Y

Pk;m ( ; ) is the (k; m)-th element of the matrix P ( ; ). Finally, let us de…ne the estimated parameters as follows
bT = arg max LT ( ) :

For a sequence of T = 15; 000 observations the Maximum Likelihood estimates are as follows
Network
Preferences

b1 = f2g , N
b2 = f1g , N
b3 = f1; 2g , N
b4 = f5g , and N
b5 = f4g
N
2 b 1 1, 1 b 2 2, 2 b 3 1, 1 b 4 2, and 1 b 5 2

:

b (vj0) = 0:26, Q
b (vj1) = 0:75, and Q
b (vj2) = 0:87
Attention Mechanism Q

In summary, the estimates correctly recover the set of connections and the strict preference
order of each person in the network and closely approximates the attention mechanism. The
Appendix contains a more extensive Monte Carlo study of the performance of our estimator.
We estimated the attention mechanism assuming that the preference orders and the network
structure are known. The estimator performs well in terms of the mean bias and the root
mean squared error.

6

Final Remarks

This paper o¤ers a new model of interdependent choices that combines the dynamic model of
social interactions of Blume (1993, 1995) with the (single-agent) model of random consideration sets of Manzini and Mariotti (2014). From a theoretical perspective, we state equilibrium
existence and characterize equilibrium behavior. We also illustrate how the network structure
22

shapes people0 s mistakes. From an applied perspective, in our model, the choices of peers act
as exclusion restrictions in the stochastic variation of the considerations sets. This feature
allows us to recover (from data) the main parts of the model without relying on variation of
the set of alternative options or menus. Interestingly, we show that in addition of nonparametrically recovering the preference ranking of each person and the attention mechanism, we
also identify the set of connections or edges between the people in the network.
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7

Proofs

Proof of Proposition 1: For an irreducible, …nite-state continuous Markov chain the steadystate

exists and it is unique. Thus, we only need to prove that A1 implies that the Markov

chain induced by our model is irreducible. First note that, under A1, for each a 2 A, ya 2 Y,
A

and y 2 Y , we have that
1 > Pa (ya jy) = Qa (ya jNyaa (y))

Y

v2Y;v

Qa (vjNva (y))] > 0:

[1

a ya

To show irreducibility, let y and y0 be two di¤erent choice con…gurations. It follows from
expression (2) that we can go from one con…guration to the other one in less than A steps
with positive probability.
The characterization of follows as the invariant distribution satis…es the balance condiP
A
tion y0 2Y A (y0 )m(y j y0 ) = 0 for each y 2Y : The next steps show this claim.
X
(y0 ) m (y j y0 ) = 0
A
0
(y)

(y)

X

a2A

(y)

X

X

a Pa

ya0 2Ynfya g

a2A

a

X

(ya0 jy) +

Pa (ya jy)) +

(1

P

m (y0 j y) +
X
X

A

y0 2Y nfyg

1

a2A

a

X

a2A

a2A

X

X

a2A

X

ya0 2Ynfya g
ya0 2Ynfya g

a

X

ya0 2Y

P

1

a2A

a

y 2Y
A

y0 2Y nfyg

(y0 ) m (y j y0 ) = 0

(ya0 ; y a )

a Pa

(ya jya0 ; y a ) = 0

(ya0 ; y a )

a Pa

(ya jya0 ; y a ) = 0

(ya0 ; y a ) Pa (ya jya0 ; y a )

X

a2A

a Pa

(ya jy)

a

=

(y a ) =

(y)
(y) :

In moving from the …fth line to the sixth one we used the fact that, in our model, Pa (ya jya0 ; y a ) =
A

Pa (ya jy a ) for any ya0 2Y .
Proof of Proposition 2: By A1, Pa has full support for all y. By A2 and A3, Pa (vjy) is
0

strictly decreasing in Nva (y) for each v 0
each a 2 A, we can get

a

v. Thus, we can recover Na : Since this is true for
0

= (A; e) : In addition, from variation in Nva (y) for each v 0 6= v, we

can recover person a0 s upper level set that corresponds to option v. That is,
fv 0 2 Y : v 0
24

a

vg :

By repeating the exercise with each alternative, we can recover

a

: Finally, suppose that ya

is the most preferred alternative for person a. Then,
Pa (ya jy) = Qa ya jNyaa (y) :
It follows that we can recover Qa ya jNyaa (y) . By proceeding in descending preference ordering we can then recover Qa (vjNva (y)) for all v 2 Y:

Proof of Proposition 3: Since lim
from the data. Recall that
8
< 0
m (y0 j y) =
: P
a Pa

A

(ya0 jy) = m(ya0 ; y

P ( ) = M, we can recover transition rate matrix
if

a2A

Thus,

!0

a

0
0
a Pa (ya jy) 1 (ya 6= ya ) if

P

a2A

P

1 (ya0 6= ya ) > 1

0
a2A 1 (ya 6= ya ) = 1

j y). It follows that we can recover

a Pa

A

:

(vjy) for each v 2 Y,

y 2 Y , and a 2 A. Note that, for each y 2 Y ,
X
Then we can also recover

v2Y

a

a Pa

(vjy) =

a

X

v2Y

Pa (vjy) =

a:

for each a 2 A:

Proof of Proposition 4: This proof builds on Theorem 1 of Blevins (2017) and Theorem 3 of
Blevins (2018). For the present case, it follows from the last two theorems, that the transition
rate matrix M is generically identi…ed if, in addition to the conditions in Proposition 4, we
have that
(Y + 1)A

AY

1

1
:
2

This condition is always satis…ed if A > 1. Identi…cation of M follows because, by A2, A

2:

We can then uniquely recover (Pa )a2A from M: See the proof of Proposition 3
Proof of Proposition 5: From Proposition 1,
(y) =

1X
Pa (ya jy)
a2A
A
25

satis…es
A

a

(y a ) for each y 2Y :

(4)

We only need to show that if (Pa )a2A is a set of compatible conditional distributions, then
= P solves (4). If we let

= P, then right hand side of (4) is

X
1X
1X
A
Pa (ya jy)
P (v; y a ) =
P (y) = P (y) = P (y) :
a2A
a2A
v2Y
A
A
A
In addition, the left hand side of (4) is
(y) = P (y) :
Thus

A

(y) = P(y) solves (4) for each y 2Y :

Proof of Proposition 6: Note that expression (3) can be rewritten as follows
Pa (vjy) =

X

Qa (vjNva (y))

C Y

X

Q
0
00
Qa v 0 jNva (y)
1 Qa v 00 jNva (y) =
v 00 2C
=
Q
Q
0
00
Ra (vj C) v0 2Cnfvg Qa v 0 jNva (y)
1 Qa v 00 jNva (y)
v 00 2C
=

Ra (vj C)

C Y;v2C

Q

v 0 2C

:

Thus, by A2 and A3, we can state whether a0 2 Na by checking whether Pa (vjy1 = o; :::; yA = o)
moves up when we change ya0 from o to v for some v in A: It follows that the network structure
is identi…ed.
Let y be such that Nva (y) = 0 and let us assume that at least one person (di¤erent from
a) in y selected the default option (i.e., there is at least one ya0 = o with a0 6= a). Let y0 be
such that
0

0

Nva (y) = Nva (y0 ) for all v 0 6= v and Nva (y) = 1:
Note that
Pa (vjy0 ) =Pa (vjy) = Qa (vj1) =Qa (vj0) :
Also
Pa (ojy0 ) =Pa (ojy) = (1

Qa (vj1)) = (1

Qa (vj0)) :

Thus, by A3, Qa (vj0) and Qa (vj1) can be recovered from the data. By implementing a similar
procedure for di¤erent values of Nva (y) we can recover Qa . Finally, since this is true for any
arbitrary a, then we can recover the attention mechanism (Qa )a2A :
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We …nally show that Ra is identi…ed if and only if (in addition to A1-A3) we have that
jNa j

Y

1. We will present the idea for v = 1 and agent a. (The proof immediately

extends to other agents and alternatives.) We want to recover Ra (1j C) for all C. To simplify
the exposition we will write
jNa j = N
Qa (vjm) = Q1 (vjm)
Qa (vjm) = Q0 (vjm)

1

We have a set of equations indexed by y
Pa (1jy) =Qa 1jN1a (y) =

X

C Y;v2C

Ra (vj C)

Q

k2Cnfvg

Q1 kjNka (y)

Q

k2Cnfvg
=

Q0 kjNka (y) :
0

To present the ideas more clear let A(N; Y ) be the matrix of coe¢ cients in front of the Ra s.
The above system of equations has a unique solution if and only if A(N; Y ) has full column
rank. The column of A(N; Y ) that corresponds to any given C

Y consists of the elements

of the following form

where Nk 2 f0; 1; :::; N g and
next lemma.

P

k
kN

Q

k2Y

Q1(k2C) kjNk

N: The last claim in the proposition follows from the

Lemma 1: Assume that A1-A3 hold. For all Y
N

Y

2 and N

1

1 () A(N; Y ) has full column rank.

Proof.
Step 1. To illustrate how the idea works, note that A(1; 2) and A(1; 3) can be written as
follows

0

A(1; 2) = @

0

1

0

1

Q (2j0) Q (2j0)
Q (2j1) Q (2j1)
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1
A

and

0

0

0

Q (3j0) Q (2j0)
B
B 0
A(1; 3) = B Q (3j0) Q0 (2j1)
@
Q0 (3j1) Q0 (2j0)
0
Q0 (3j0) A(1; 2)
@
=
Q0 (3j1) A(0; 2)

where A(0; 2) =

0

1

1

0

1

1

Q (3j0) Q (2j0) Q (3j0) Q (2j0) Q (3j0) Q (2j0)

1

C
C
Q0 (3j0) Q1 (2j1) Q1 (3j0) Q0 (2j1) Q1 (3j0) Q1 (2j1) C
A
0
1
1
0
1
1
Q (3j1) Q (2j0) Q (3j1) Q (2j0) Q (3j1) Q (2j0)
1
Q1 (3j0) A(1; 2)
A
1
Q (3j1) A(0; 2)

Q0 (2j0) Q1 (2j0)

:

Similarly, the matrix A(N; Y + 1) can be written as follows
0
Q0 (Y + 1j0) A(N; Y )
Q1 (Y + 1j0) A(N; Y )
B
B 0
B Q (Y + 1j1) A(N 1; Y ) Q1 (Y + 1j1) A(N 1; Y )
B
B
A(N; Y + 1) = B Q0 (Y + 1j2) A(N 2; Y ) Q1 (Y + 1j2) A(N 2; Y )
B
B
B
:::
:::
@
Q0 (Y + 1jN ) A(0; Y )
Q1 (Y + 1jN ) A(0; Y )

1

C
C
C
C
C
C:
C
C
C
A

Note that A(K; Y ) is a sub-matrix of A(K+1; Y ) for all K (with the same number of columns).
Thus, it is clear that A(N; Y + 1) has full column rank only if A(N; Y ) and A(N
both full column rank, which is the same as to say A(N
next show that under A3, if A(N

1; Y ) have

1; Y ) has full column rank. We

1; Y ) has full column rank, then A(N; Y + 1) has full

column rank too. To this end, let M be a matrix obtained deleting rows from A(N
in such a way that det (M ) > 0: Then, by A3, we have
0
1
0
1
Q (Y + 1j0) M Q (Y + 1j0) M
A = Q1 (Y + 1j1)
det @
0
1
Q (Y + 1j1) M Q (Y + 1j1) M

Q1 (Y + 1j0)

2Y

1

det (M )2 > 0:

In summary, we have that

A(N; Y + 1) has full column rank () A(N

1; Y ) has full column rank.

Step 2. Consider (N; Y ) = (1; 2). Note that
0
1
Q0 (2j0) Q1 (2j0)
A
A(1; 2) = @
0
1
Q (2j1) Q (2j1)
28

1; Y )

has full column rank since det (A(1; 2)) = Q1 (2j1)
with N

Q1 (2j0) > 0: In addition, any A(N; 2)

1 will have full column rank because A(1; 2) is a sub-matrix of A(N; 2) with the

same number of columns.
Finally, note that A(1; 3) has not full column rank since the number of columns is higher
than the number of rows.
Step 3. From Step 1 we got that, for all Y

2 and N

A(N; Y + 1) has full column rank () A(N
From Step 2, we get that A(N; 2) (with N

1, we have that
1; Y ) has full column rank.

1) has full column rank and A(1; 3) has not full

column rank. The claim in Lemma 1 follows by combining these three results.
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Appendix: Simulation for Section 5
This appendix describes how we generated the observations for the restaurant model
P
Let = a2A a : We generate the data according to an iterative procedure for a …xed
time period T . The k-th iteration of the procedure is as follows:
(i) Given yk

1

set yk = yk 1 ;

(ii) Generate a draw from the exponential distribution with mean 1= and call it xk ;
(iii) Randomly sample an agent from the set A, such that the probability that a is picked is
a=

;

(iv) Given the agent selected in the previous step and the current choice con…guration yk
construct a consideration set using Qa ;
(v) If the consideration set is empty, then set ya;k = 0. Otherwise pick the best alternative
according to the preference order of agent a from the consideration set and assign it to
ya;k .
Given the initial con…guration of choices y0 we applied the above algorithm till we reached
P
T ). De…ne zk =
k xk > T (On average the length of the sequence is
l k xl . The

P

continuous time data is f(yk ; zk )g. The discrete time data is obtained from the continuous time

data by splitting the interval [0; T ] into T = [T = ] intervals and recording the con…guration
of the network at every time period t = i ; i = 0; 1; :::; [T = ]:
To elaborate a bit more on the estimation of the attention mechanism, we also generated
1000 data samples over the period of [0; 25000] and then for

2 f5=3; 5=2; 5; 25g constructed

discrete data sets (the sample size f1000; 5000; 10000; 15000g). The network structure and
the preference orders were assumed to be known. (Its values are as the ones in Section 5.)
So only optimization over the consideration probabilities was performed. The results of the
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simulations are presented in the next table.
Table 1. Bias and Root Mean Squared Error (RMSE) (
Sample Size
1000

5000

10000

15000

Q (vj0) Q (vj1) Q (vj2)
Bias

42.3

18.0

15.1

RMSE

43.3

20.9

17.8

Bias

9.4

2.7

0.3

RMSE

10.2

5.6

4.4

Bias

4.7

-0.6

-0.5

RMSE

5.5

3.5

3.3

Bias

3.5

-1.3

2.8

RMSE

4.2

3.3

-0.3

Notes: The sample sizes correspond to
5000,

10 3 )

= 25 for the sample size 1000,

= 5=2 for the sample size 10000, and

= 5 for the sample size

= 5=3 for the sample size 15000. The number of

replications is 1000.
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