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1. Introduction

In the last few years, the basic rational choice model of decision-making has been revised in different
ways, partly recognizing that cognitive factors might play an important role in determining people’s
choices. These revisions have produced, among others, the consideration set models. In these
models, people do not consider all the available options at the moment of choosing, but a subset
of them. It is still an open question in the literature how the consideration sets are formed and
what their main determinants are. We think that peer effects might be of first-order importance
in the formation process of the consideration sets.! To study this possibility, we build a dynamic
model in which the choices of friends affect the subset of options that a person ends up considering.
We show that all parts of the model can be recovered from a sequence of choices, and apply our
results to an experimental dataset that studies the visual focus of attention of people. The results
corroborate existing beliefs on the left-to-right bias in visual focus of attention and peer effects in
gazing. They also highlight the relevance of a structural approach to recovering preferences.

In our model, people are linked through a social network. At a randomly given time, a person
gets the opportunity to select a new option out of a finite set of alternatives. The person sticks
to her new option until the revision opportunity arises again. The person does not consider all
the available options when revising her selection. Instead, she first forms a consideration set and
then picks her most preferred option from it. The distinctive feature of our model is that the
probability that a given alternative enters the consideration set depends on the number of friends
currently adopting that option. This model leads to a sequence of choices that evolves through
time according to a Markov random process. We show that this dynamic process has a unique
equilibrium and describe the equilibrium behavior.

The model we build might fit in various applications. As a first one, let us consider an online

platform that offers many video games to a set of users.” (These games could include Super Mario

IThis possibility has been (explicitly or implicitly) discussed by other researchers in specific contexts —e.g., the
choices of peers may help us discover a new television show (Godes and Mayzlin, 2004), a new welfare program
(Caeyers, 2014), a new retirement plan (Duflo and Saez, 2003), a new restaurant (Qiu, Shi and Whinston, 2018), or
an opportunity to protest (Enikolopov, Makarin and Petrova, 2020).

2See, Lee (2015) for an example.



Bros, Castlevania, or Sonic the Hedgehog.) A user can enter the platform and decide which game
to get, at a given price, if any. The number of games offered by the platform is often quite large.
The platform could create a reference group for each user and share with her the last purchasing
decisions of the other group members. In this situation, it might be natural to think the information
will affect the subset of games to consider. Our model can help the platform personalize each user’s
reference group to maximize profits or the probability of making a sale.

As a second application, note that we can re-think our model as a model of peer effects in
mistakes. To illustrate this possibility, let us say that a person makes a mistake when, at the moment
of choosing, she does not consider, and thereby does not select, her most preferred alternative. In
our setting, the frequency by which a person makes mistakes depends on her friends’ choices. We
show via example that having friends with similar preferences — a phenomenon known as homophily
— often reduces the frequency by which people make mistakes. We also offer conditions under which
having more friends benefits the person.

After we show equilibrium existence and characterize equilibrium behavior, we consider a
researcher who observes a long sequence of choices made by the network members. We show that
all primitives of the model can be uniquely recovered. These primitives include the ranking of
preferences, the attention mechanism (or consideration probabilities), and the network structure.
There are two aspects of our nonparametric identification results that deserve special attention.
First, we allow unrestricted heterogeneity across people with respect to all parts of the model.
Second, in contrast to most other works on consideration sets, we do not rely on the variation of
either covariates or the set of available options (or menu) to recover these components.

In our dynamic model, the observed choices of network members are generated by a system
of conditional choice probabilities: each of these conditional choice probabilities specifies the
probability of choices of a given person conditional on the choices of others (at the moment of
revising her selection). The identification strategy we offer is a two-step procedure. First, we
show how to identify the primitives of the model using these conditional choice probabilities and
the variation in consideration set probabilities induced by choices of friends. Second, we study

identification of the conditional choice probabilities from observed data.



The identification strategy we propose for the primitives of the model is simple and constructive.
To recover them from the conditional choice probabilities, we exploit that, in our framework,
changes in the choices of friends induce stochastic variation in the consideration set probabilities.
We use this variation to recover the set of connections between the people in the network and their
ranking of preferences. We then use this information to recover the attention mechanism of each
person, i.e., the probability of including a specific option in the consideration set as a function of
the number of friends currently choosing it. As we just mentioned, this identification result allows
for full heterogeneity across people regarding preferences and attention probabilities.

To identify the conditional choice probabilities, we consider two datasets: continuous-time data
and discrete-time data with arbitrary time intervals. These two datasets coincide in that they
provide a long sequence of choices from people in the network. They differ in the timing at which
the researcher observes these choices. In continuous-time datasets, the researcher observes people’s
choices in real time. We can think of this dataset as the “ideal dataset.” With the proliferation
of online platforms and scanners, this sort of data might be available in some applications. In
this dataset, the researcher directly recovers the conditional choice probabilities. In discrete-time
datasets, the researcher observes the joint vector of choices at fixed time intervals (e.g., the choices
of people are observed every Monday). In this case, the conditional choice probabilities are not
directly observed, they need to be inferred from the data. Adding an extra mild condition, we show
that the conditional choices are also uniquely identified. For this last result we invoke insights from
Blevins (2017, 2018). The second dataset suffices to recover the conditional choices because the
transition rate matrix of a continuous-time process with independent revision times across people
is rather parsimonious. In particular, the probability that two or more people revise their selected
options simultaneously is zero. Thus, the transition rate matrix has zeros in many known locations.
The non-zero elements can then be recovered, and they constitute a one-to-one mapping with the
conditional choice probabilities.

Our initial results rely on a few simplifying restrictions. In particular, the preferences of each
person are deterministic; we assume that there exists one alternative (the default) that is picked if

and only if nothing else is considered; we let the distribution of consideration sets be multiplicatively



separable across alternatives; and we let the probability of including each option depend on the
number (but not the identity) of the friends that selected that option. We then extend our model
in various directions to relax these assumptions. First, we consider random preferences (on top of
random consideration sets). The network structure and the attention mechanism are identified
without any new assumptions. The random preferences are identified if and only if each person
has “enough” friends —the actual number of friends needed depends on the number of options.
Second, we analyze a model with no default option. All the primitives of this model are identified
if there are more than three options in the set of available alternatives. Third, we allow the default
option not to be fully dominated by all other alternatives, and its ranking to differ across people.
This extension is particularly important for applications such as the online platform we described
earlier. Finally, we consider a set of extensions where consideration sets are formed arbitrarily
(e.g., no multiplicative separability assumption). In these extensions, different friends may have
different effects on the attention mechanism of a given person. In this model, we still can uniquely
recover preferences and the network structure. The consideration probabilities, in general, are
partially identified. However, we show that different forms of symmetry between consideration set
probabilities are sufficient for their identification.

Last, but not least, we apply our model to an experimental dataset that has been used by Bai,
Kumar, Leskovec, Metzger, Nunamaker Jr and Subrahmanian (2019) to compare the effectiveness
of various models that aim to predict the visual focus of attention of individuals within a group. In
the experiment, a group of people were asked to play a party game in which they communicated
with each other to find the deceptive players. The players were seated around a circle, and a tablet,
which was placed in front of each player, recorded the direction of the player’s sight every third of
a second. We consider each person to be looking to the left, to the tablet, or to the right. The raw

frequencies (in percent) of the direction of sight of the five players in the data are as follows.

Player 1 Player 2 Player 3 Player 4 Player 5

left 40 35 30 29 50
tablet 20 38 5 15 16
right 40 27 65 56 34

The approach we offer in the paper allows us to separate two key forces in explaining the data:



directional sight preferences of players and peer effects in gazing. These effects are motivated by
two well-known observations: First, visual designers create online platforms under the premise that
people scan certain areas of the screen before others. In particular, it is believed that, everything
else equal, people spend more time looking to the left side of the screen as compared to the right side.
This phenomenon is called the left-to-right bias. Second, in social environments, it has been observed
that people automatically redirect their visual attention by following others’ gaze orientation, a
phenomenon called gaze following. Although, the choice set is not large, the participants had to
make decisions in seconds, thus, justifying limited consideration. The empirical estimates we obtain
are striking. In particular, despite considerable differences in the raw frequency of the three choices
across players, as reflected in the above table, the estimated preferences for directional sight of
all players coincide and are consistent with the left-to-right bias. Also, the estimates for the peer
effects in consideration sets (in the data) are positive and relevant. These findings highlight the
importance of incorporating peers’ inattention behavior and individual preferences as different
channels for decision making.

We finally relate our results with the existing literature. From a modeling perspective, our setup
combines the dynamic model of social interactions of Blume (1993, 1995) with the (single-agent)
model of random consideration sets of Manski (1977) and Manzini and Mariotti (2014). By adding
peer effects in the consideration sets, we can use variation in the choices of others as the main tool
to recover preferences. The literature on identification of single-agent consideration set models has
mainly relied on the variation of the set of available options or menus. The latter includes Aguiar
(2017), Aguiar, Boccardi and Dean (2016), Brady and Rehbeck (2016), Caplin, Dean and Leahy
(2019), Cattaneo, Ma, Masatlioglu and Suleymanov (2020), Horan (2019), Kashaev @) Aguiar (2022),
Lleras, Masatlioglu, Nakajima and Ozbay (2017), Manzini and Mariotti (2014), and Masatlioglu,
Nakajima and Ozbay (2012). (See Aguiar, Boccardi, Kashaev and Kim, 2022 for a comparison
of several consideration set models in an experiment.) Other papers have relied on exogenous
covariates that shift preferences or consideration sets. The latter include Barseghyan, Molinari and
Thirkettle (2021b), Barseghyan, Coughlin, Molinari and Teitelbaum (2021a), Crawford, Griffith

and Taria (2021), Conlon and Mortimer (2013), Draganska and Klapper (2011), Gaynor, Propper



and Seiler (2016), Goeree (2008), Mehta, Rajiv and Srinivasan (2003), and Roberts and Lattin
(1991). Variation of exogenous covariates has also been used by Abaluck and Adams (2021) via an
approach that exploits symmetry breaks with respect to the full consideration set model. Aguiar
@ Kashaev (2021), Crawford et al. (2021), and Dardanoni, Manzini, Mariotti and Tyson (2020)
use repeated choices but do not allow for peer effects (i.e., they work with panel data).

There is a vast econometric literature on identification of models of social interactions where
choices of peers affect preferences but not the choice sets (see Blume, Brock, Durlauf and Toannides,
2011, Bramoullé, Djebbari and Fortin, 2020, De Paula, 2017, and Graham, 2015 for comprehensive
reviews of this literature). We depart from this literature in that in our framework the direct
interdependence between choices (endogenous effects) is captured by consideration sets (choice sets),
not preferences.® Moreover, our model leads to different empirical predictions (see Appendix C
for further details). We view our work as complementing the existing results on peer effects
in preferences by proposing an alternative mechanism for the social interaction effects. As we
mentioned earlier, we can recover from the data the set of connections between the people in the
network. In the context of linear models, a few recent papers have made progress in the same
direction. Among them, Blume, Brock, Durlauf and Jayaraman (2015), Bonaldi, Hortagsu and Kastl
(2015), De Paula, Rasul and Souza (2018), and Manresa (2013). In the context of discrete-choice,
Chambers, Cuhadaroglu and Masatlioglu (2019) also identifies the network structure. However, in
their model, peers do not affect consideration sets, but directly change preferences (among other
differences).

In the paper, we connect the equilibrium behavior of our model with the Gibbs equilibrium.
This connection is similar to the one in Blume and Durlauf (2003). We also distinguish our approach
from the more standard models of peer effects in preferences. To this end, we embed the models of
Brock and Durlauf (2001, 2002) into our dynamic revision process.

Let us finally mention two other papers that incorporate peer effects in the formation of
consideration sets. Borah and Kops (2018) do so in a static framework and rely on variation of

menus for identification. Lazzati (2020) considers a dynamic model, but the time is discrete, and

3Implicitly, preferences in our model capture the so-called contextual effects — effects of predetermined factors
that are not affected by peers.



she focuses on two binary options that can be acquired together.

The rest of the paper is organized as follows. Section 2 presents the model, the main assumptions,
and some key insights of our approach. Section 3 describes the equilibrium behavior. Section 4
studies the empirical content of the model. Section 5 extends the initial idea to contemplate random
preferences (besides random consideration sets), two variants of the default option, and more general
formation processes for the consideration sets. Section 6 applies our model to an experimental
dataset on visual focus of attention. Section 7 concludes, and all the proofs are collected in
Appendix A. Appendix B provides some simulation evidence of finite sample performance of our
estimator. In Appendices C and D we compare our framework to a model of peer effects in
preferences and the Gibbs random field model, respectively. Appendix E contains additional results

for our empirical application.

2. The Model

This section describes the model and the main assumptions we invoke in the paper. It also elaborates

on the notion of mistakes we will use later.

2.1. Social Network, Consideration Sets, and Choices

Network and Choice Configuration There is a finite set of people connected through a social
network. The network is described by a simple graph I' = (A, e), where A = {1,2,..., A} is the
finite set of nodes (or people) and e is the set of edges. Each edge identifies two connected people
and the direction of the connection. For each Person a € A her set of friends (or reference group)

is defined as follows:

N, ={d € A:d # a and there is an edge from a to a’ in e}.



There is a set of alternatives Y = Y U {0}, where Y = {1,2,...,Y} is a finite set of options and o
is a default option. Each Person a has a strict preference order =, over the set of options ). All
people agree in that the default option is the least preferred. These assumptions are standard in the
literature on single-agent choice with limited consideration and allow us connect our framework with
that literature. We extend the analysis to random preferences in Section 5.1, relax the specification
of the default option in Section 5.2, and consider the case in which people differ regarding the
ranking in preferences of the default option in Section 5.3. We refer to a vector y = (ya),c4 € 74

as a choice configuration.

Choice Revision We model the revision of choices as a standard continuous-time Markov process.
In particular, we assume that people are endowed with independent Poisson alarm clocks with
rates A = (Aq),c 4. At randomly given moments (exponentially distributed with mean 1/),) the
alarm of Person a goes off.” When this happens, the person selects the most preferred alternative
among the ones she is actually considering. Formally, if C C ) is her consideration set, then the

choice of Person a can be represented by an indicator function
Ro(v|C)=1 (v, forallv' € C and v € C)

that takes value 1 if v is the most preferred option in C according to >, and is 0 otherwise. If, at
the moment of choosing, the consideration set of Person a does not include any alternative in ),

then the person selects the default option.

Peer Effects in the Formation of Consideration Sets In our model, whether Person a pays
attention to a particular alternative depends on her own choice and the configuration of choices
of her friends at the moment of revising her selection. We indicate by Q, (v | y) the probability

that Person a pays attention to alternative v given a choice configuration y. It follows that the

4See Blume (1993, 1995) for theoretical models that rely on Poisson alarm clocks and Blevins (2018) for a nice
discussion of the advantages of this type of revision process from an applied perspective.

®That is, each Person a is endowed with a collection of random variables {72} 7 | such that each difference
78 — 72_, is exponentially distributed with mean 1/\,. These differences are independent across people and time.



probability of facing consideration set C has the form of

[Lee Q@ INIL, (1-Quvly).

By combining preferences and random consideration sets, the probability that Person a selects (at

the moment of choosing) alternative v € ) is given by

Pu(0]¥) = Q0 9Ty, (1 Qa0 [ ). 1)

The default option is assumed to be always considered. Since it is also assumed to be the worst for
every person, the default option is chosen by the person if, and only if, nothing else is considered.
Thus, the probability of selecting o is just [T,ey (1 — Q, (v | y)). Leaving aside peer effects, this
process of formation of consideration sets is analogous to the one studied by Manski (1977) and
Manzini and Mariotti (2014). In Section 5.4 we extend our analysis to a more general setting. Note
that, by construction, the peer effects in our model do not involve forward-looking behavior. This
modeling restriction is not introduced for technical reasons. We do so because we want to capture
situations where the choices of friends simply make a person more aware of the existence of specific

alternatives or redirect her attention in the direction of that option.

Altogether, the three elements just described characterize our initial model of peer effects in random
consideration sets. (As mentioned above, we consider later several extensions.) This model leads to
a sequence of joint choices that evolves through time according to a Markov random process. We

next present three key assumptions we invoke in the paper.

2.2. Main Assumptions

Our results build on one or more of the three assumptions we discuss next. Let N (y) be the

number of friends of Person a who select option v in choice configuration y. Formally,

No(y) =3, L = ).

10



We indicate by |N,| the cardinality of N,. The three assumptions are as follows.

(A1) Foreacha € A, v €Y, andy € Y, 1 >Q, (v|y)>0.
(A2) For each a € A, |N,| > 0.

(A3) Foreacha € A,ve Y, and y € yA,

Q,(v|y) =Q, (| ya,Ni(y)) is (weakly) increasing in N (y)

with strict monotonicity at N¢ (y) = 0.

Assumption A1 states that the probability of considering each option is strictly positive and
lower than one, independently on how many friends have selected that option. This assumption
captures the idea that people can eventually pay attention to an alternative for various reasons
that are outside the control of our model (e.g., watching an ad on television or receiving a coupon).
In line with the spirit of the limited attention mechanisms, it also allows people to eventually
disregard any further consideration of a given option, including the one that she is currently
adopting. Assumption Al guarantees that each subset of options is (ex-ante) considered with
nonzero probability. Assumption A2 requires each person to have at least one friend. Assumption
A3 states that the probability that a given person pays attention to a specific option depends on
the current choice of the person and the number (but not the identity) of friends that currently
selected it. Assumption A3 also states that each person pays more attention to a particular option
if more of her friends are adopting it. The monotonicity assumption is required to be strict only at
zero, allowing for different levels of satiation —e.g. consideration changes only when the number of
friends picking the option achieves a given threshold (e.g., 10 friends, 20 friends, etc).®

Note that Assumptions Al and A3 allow a setting where the current selection is considered with
probability close to 1, thus capturing environments with inertia. These modelling restrictions could,
nevertheless, be further relaxed. For instance, we could incorporate dependence of the consideration
sets not just on current choices, but also on past decisions —e.g., a Markov process with memory.

This extension could be achieved by enlarging the state space. Let us also note that we assume

6 Assumption A3 can be relaxed. The strict monotonicity does not need to hold at zero or be the same for all
agents, as long as it is below |N,|. We write the assumption in the stricter way to simplify the exposition.

11



peer effects in consideration sets are positive as this assumption is consistent with the sort of
applications that motivated our work. Nevertheless, it is interesting to remark that our results still
hold if peer effects were negative for some people and positive for other persons —these results
include both equilibrium existence and identification of the model. Moreover, we could be agnostic

about the signs of the peer effects and recover them (separately) for each person from the data.

2.3. Applications: Peer Effects in Mistakes and Sales of an Online Platform

We think our model might be particularly appealing in specific situations. We describe two of them
next.

Peer Effects in Mistakes In our model, Person a has a strict preference order over the set of
available alternatives, and the choices of her friends affect the probability that the person considers
each particular option. We say that Person a makes a mistake when she does not select her most
preferred alternative at the moment of choosing. In our setting, this happens when the person does
not include that alternative in her consideration set. More formally, let v} be the most preferred
alternative of Person a in A according to >,. Given our definition, the probability that Person a

makes a mistake at the moment of choosing an option is given by

Mistake, (y) =1—Q, (UZ | Ya, No2 (Y)) .

This probability depends on the number of friends who are currently selecting her most preferred
alternative. We thereby can think of our model as a model of peer effects in mistakes. The
possibility of reinterpreting the model in this way makes it clear a key difference between the
models of peer effects in consideration sets and the one in preferences. We will show later how the

strength of people’s mistakes depends on the structure of the network.

Sales of an Online Platform Let us now think that the different alternatives are offered by
an online platform at some prices. Under this interpretation of the model, we can think of the
default option as the possibility of not buying any alternative. The platform could be interested in

minimizing this probability. Since the default is picked if and only if nothing else is considered, for

12



each Person a, the probability of selecting the not-to-but-any-alternative is given by

Pa(o]y) =1],c (1= Qu (v 40, N (¥)) -

This probability depends on the number of friends that are selecting each of the available options.
The platform could affect this probability by proposing specific links to each person. Indeed, many
platforms are currently implementing this practice. In Section 5.3, we extend the initial model to
allow the default option to have a different ranking in the order of preferences of each person. This

extension might be particularly useful in this type of application.

3. Equilibrium Behavior

This section states equilibrium existence and offers some insights on equilibrium behavior. (In
Appendix C we show how our model differs from the more standard model of peer effects in
preferences.)

The independent and identically distributed Poisson alarm clocks, which lead the selection
revision process, guarantee that at each moment of time at most one person revises her selection
almost surely. Thus, the transition rates between choice configurations that differ in more than one
person changing the current selection are zero. The advantage of this fact for model identification
is that there are fewer terms to recover. Blevins (2017, 2018) offer a nice discuss of this feature and
its advantage over discrete time models. Formally, the transition rate from choice configuration y

to any different one y’ is as follows

, 0 if Yaeal (W, # ya) > 1
m(y'|y) = : (2)
YaearaPa (WL 1Y) 1 (e # va) i Xaeal (v, #va) =1

In the statistical literature on continuous-time Markov processes these transition rates are the out

of diagonal terms of the transition rate matriz (also known as the infinitesimal generator matriz).

13



The diagonal terms are simply build from these other values as follows

_ /
my|y)==2 gty 1Y)

We will indicate by M the transition rate matrix. In our model, the number of choice configurations
is (Y +1)* Thus, M isa (Y +1)* x (Y + 1)* matrix. There are many different ways of ordering
the choice configurations and thereby writing the transition rate matrix. To avoid any sort of
ambiguity in the exposition, we will let the choice configurations be ordered according to the
lexicographic order with o treated as zero. Constructed in this way the first element of M is
M =m ((0, 0,...,0) | (0,0,... ,0)’). Formally, let ¢ (y) € {1, 2., (Y + 1)A} be the position of

y according to the lexicographic order. Then,

ML(y)L(y’) =1 (y/ | Y) .

An equilibrium in this model is an invariant distribution g : Y- [0, 1], with 2yt (y) =1,
of the dynamic process with transition rate matrix M. It indicates the likelihood of each choice
configuration y in the long run. This equilibrium behavior relates to the transition rate matrix in a
linear fashion

uM = 0.
The next proposition establishes equilibrium existence and uniqueness for our model.
Proposition 3.1. If Assumption A1 is satisfied, then there exists a unique equilibrium p.

Remark. In Appendix D we relate the equilibrium concept we use with the so-called Gibbs
equilibrium, which has been extensively used in Economics to study social interactions. (See Allen,

1982, Blume, 1993, 1995, and Blume and Durlauf, 2003, among many others.)
The first example describes the equilibrium behavior of a very simple specification of our model.

Example 1. The network consists of two identical people that select between two alternatives,

option 1 and the default option o. The rates for their Poisson alarm clocks are 1. Let us also

14



assume, to simplify the setup, that the probability of paying attention to a particular option only

depends on the current choice of the other person (i.e., Q, (v | ¥4, Ni (y)) = Q, (v | N (y))) and is

the same for both people (i.e., Q(-) = Q;(-) = Qy(+)). Thus, for a = 1,2, we get that

Po(1]y)=Q@|Ng(y)) and Pa(o]y) =1-Q(1[Ny(y)).

The transition rate matrix M is as follows.

(0,0)

(0,1)

(1,0)

(1,1)

(0,0) | —2Q(1]0) Q(1]0) Q(1]0) 0

(0,1) | 1=Q(1]0) | -1+Q(1[0)-Q(1]1) 0 Q(1]1)
(Lo) | 1=Q(1]0) 0 —1+Q(1[0)-Q([1) Q(1]1)
(1,1) 0 1-Q(1[1) 1-Q(1[1) —2+2Q(1[1)

The transition rate matrix M is naturally more complex when there are more alternatives or

more people. However, the structure of the zeros in M is rather similar. In particular, there are

many zeros in known locations. As we mentioned earlier, this feature of the model is particularly

attractive for identification.

The invariant distribution of choices, or equilibrium, satisfies uM = 0. Solving this system of

equations, we get that the equilibrium is

1-Q([O)J[1-Q(t[1)]

ft(0,0) =

p(0,1) = p(1,0)

1-Q([1)+Q(1]0)

QI0)[I-Q([1)]

T 1-Q)+Q(L]o)
Q(1]0)Q(1]1)

p(l,1) =

1-Q( 1) +Q(1]0)

The equilibrium is a joint distribution on the pair of choice configurations. It states the fraction of

time that each pair of choices (y1,y2) prevails in the long run.

Recall we said that a person makes a mistake when she does not select, because she does not

consider, her most preferred option at the moment of choosing. The frequency of mistakes that

15



each person makes in the long run depends on the distribution of choices at equilibrium. Formally,

EqMistake, = 1 — p, (v),

where v? is the most preferred alternative of Person a in A according to >,. The second example
shows how the frequencies of mistakes (which people make in equilibrium) are related to the

structure of the network.

Example 2. There are five people in the network. Their reference groups are as follows
M=A{2}, No=A{1}, Ns={1,2}, Nu={5}, N;={4}.

Note that the network is directed since 3 ¢ N7, N3 and 1,2 € N3. There are two possible alternatives

Y = {1,2} in addition to the default option o. The preferences of these people are as follows
211, 1%92, 2531, 1>42, 1>52.

That is, Persons 2, 4, and 5 prefer option 1, and Persons 1 and 3 prefer option 2. We will assume
the attention mechanism is invariant across people and alternatives. To keep the exercise simple,
as in Example 1, we will also assume the probability of paying attention to a given option only
depends on the choices of friends. In this case, we indicate by Q (v | N¢ (y)) the probability that
Person a pays attention to option v € Y if the number of friends that are currently selecting that

option is N¢ (y). We let

Qul0) =1 QEIn=3 QWl2-g

The rates for their Poisson alarm clocks are 1.

The equilibrium behavior of this choice model is a joint distribution p with support on 243
choice configurations (3%). We calculated the equilibrium behavior. (See Appendix B for more
details.) Table 1 displays the marginal frequency of choices of each person (at equilibrium).

Notice that for some people in the network, the relative frequency of choosing each alternative
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Table 1 — Marginal Equilibrium Probabilities

p1 (0) =0.29 | ps(0) =0.29 | pg (o) =0.19 | py(0) =0.30 | us(0) =0.30
g1 (1) = 0.30 | pio (1) = 040 | 15 (1) = 0.30 | paa (1) = 0.50 | p5 (1) = 0.50
11 (2) = 041 | pg (2) = 031 | 13 (2) = 0.51 | gy (2) = 0.20 | 5 (2) = 0.20

Notes: These probabilities are estimated using simulated data, sample size = 15000.

Table 2 — Mistakes in Equilibrium

Person 5
50%

Person 4
50%

Person 3
49%

Person 2
60%

Person 1
59%

EqgMistakes

Notes: These probabilities are computed using the estimated marginal equilibrium

probabilities from Table 1.
does not respect their order of preferences. In particular, Persons 4 and 5 select the default more
often than option 2, which dominates the former according to their preferences.

From the equilibrium marginals, we can calculate the probabilities of making mistakes. These
probabilities are displayed in Table 2. Note that Persons 2 and 4 are identical in all respects except
in the type of friend they have. Specifically, Person 4 shares with her friend the same preference
order. The opposite is true for Person 2. In this application, this difference leads Person 4 to make
fewer mistakes. Hence, having friends with similar preferences (homophily) seems to help people to
consider more often their best alternatives and to make fewer mistakes.

To show a bit more how the network structure shapes people’s mistakes, we add two more
connections in the model. In particular, let us assume that Person 3 is in the consideration sets of
Persons 1 and 2. That is,

N =123}, Ne={1,3}, N3={1,2},

No={5}, Ns={4}.

In this case, the network becomes undirected. Repeating the previous exercise, the new network
generates the marginal equilibrium distributions and the probabilities of mistakes depicted in
Tables 3 and 4, respectively.

The probabilities of making mistakes decrease for Persons 1, 2, and 3. But notice that the

change is larger for Persons 1 and 3 as they share the same preferences over the alternatives. W

In Example 2, Persons 1 and 2 reduce the frequency of mistakes when Person 3 is added to their
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Table 3 — Marginal Equilibrium Probabilities

w1 (0) =012 | pz(0) =0.12 | pg (o) = 0.12 | py(0) =0.30 | us (0) = 0.30
1 (1) = 0.21 | o (1) = 042 | i3 (1) = 0.22 | pua (1) = 0.50 | 15 (1) = 0.50
11 (2) = 0.67 | po (2) = 0.46 | 13 (2) = 0.66 | g (2) = 0.20 | 5 (2) = 0.20

Notes: These probabilities are estimated using simulated data, sample size = 15000.

Table 4 — Mistakes in Equilibrium

Person 5
50%

Person 4
50%

Person 3
34%

Person 2
58%

Person 1
33%

EqMistakes

Notes: These probabilities are computed using the estimated marginal equilibrium

probabilities from Table 3.
reference groups. This result might suggest that having more friends is always helpful in reducing
the frequency of mistakes. The next proposition offers precise conditions under which this is the
case. We then show, via example, that some extra conditions are needed for this result to hold.

That is, this result might fail otherwise.

Proposition 3.2. In addition to Assumptions A1 and A3 suppose that Q, (v |y, Ni(y)) =
Q, (W | N (y)) for allv € Y, and a ¢ Ny for all a' € A. Let EqMistake, and EqMistake,,
be the frequency of mistakes at equilibrium for Person a when her reference group is N, and N,

respectively. If N, C Ny, then we have that

EqMistake!, > EqMistake,, .

(3)

Proposition 3.2 requires that Person a does not enter the consideration set of others. In this
case, when the reference group of Person a gets larger, the probability of paying attention to each
alternative moves up. Since among these alternatives is her most preferred option, then the person
makes fewer mistakes. The next example shows that, without extra restrictions, having more

friends might lead to making more mistakes.

Example 3. There are three people in the network. Their reference groups are as follows

N ={2}, No={1}, N3={0}.
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Table 5 — Marginal Equilibrium Probabilities

w1 (0) =0.48 | ps (0) =0.54 | pg (o) =0.18
g1 (1) = 0.37 | po (1) = 0.40 | 1 (1) = 0.80
11 (2) = 0.15 | g2 (2) = 0.06 | 13 (2) = 0.02

Notes: These probabilities are estimated using simu-
lated data, sample size = 15000.

Table 6 — Mistakes at Equilibrium

Person 1 | Person 2 | Person 3
EqMistakes 85% 60% 20%

Notes: These probabilities are computed using the esti-
mated marginal equilibrium probabilities from Table 5.
Persons 1 and 2 are interconnected and Person 3 is isolated. There are two possible alternatives

Y = {1,2} in addition to the default option o. The preferences of these people are as follows

2>=11, 1>92, 1>32.

That is, Person 1 prefers option 2 and Persons 2 and 3 prefer option 1. Similar to the previous
examples, we assume the probability of paying attention to a given option only depends on the
choices of friends. In this case, we indicate by Q, (v | Ni (y)) the probability that Person a pays
attention to option v € Y if the number of friends that are currently selecting that option is N¢ (y).

We let

QL0)=1 Q@[1)=15 Q1[2)=15 Q2]0)=15 Q2]1)

%a Q1(2|2>: 190
%7 Q2(2|2): 110

The rates for the Poisson alarm clocks are 1. Tables 5 and 6 display the marginal distributions of

equilibrium choices and mistakes, respectively.
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Table 7 — Marginal Equilibrium Probabilities

w1 (0) =0.13 | pe (0) =0.28 | g (o) =0.18
p1 (1) = 0.73 | po (1) = 0.68 | p13 (1) = 0.80
p1(2) = 0.14 | pp(2) = 0.04 | g5 (2) = 0.02

Notes: These probabilities are estimated using simu-
lated data, sample size = 15000.

Table 8 — Mistakes at Equilibrium

Person 1 | Person 2 | Person 3
EqMistakes 86% 31% 20%

Notes: These probabilities are computed using the esti-

mated marginal equilibrium probabilities from Table 7.

Let us now add Person 3 to the consideration set of Person 1. That is,

M ={2,3}, No={1}, WN;={0}.

Repeating the previous exercise, the new network generates the marginal equilibrium distributions
and mistakes depicted in Tables 7 and 8, respectively.

Notice that while we only increased the reference group of Person 1, her frequency of mistakes
at equilibrium moved up. The reason for this result is that after Person 3 was added to the
consideration set of Person 1, Person 1 increased the frequency of selecting option 2. In turn, this
lead Person 2 to consider this option more often. Thus, while Person 1 sharply decreased the
frequency by which she selected the default option, she simultaneously increased the frequency of

selecting option 2 and decreased the frequency of option 1. |

We could easily construct similar examples for the sales application of the online platform. We
prefer not to do so to shorten the exposition. But a lesson to learn from the last results is that if
the platform wants to offer reference groups to each user to maximize sales, it has to select them
quite carefully. The identification results in the next section could guide the firm to implement an

optimal (or profit maximizing) selling strategy.
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4. ldentification

This section provides conditions under which the researcher can uniquely recover (from a long
sequence of choices) the set of connections I' = (A, e), the profile of strict preferences == (>~a),c .4
the attention mechanism Q = (Q,),c 4, and the rates of the Poisson alarm clocks A = (Ay),c4- In
Appendix B, we propose a maximum likelihood estimator of the model parameters and conduct
several Monte Carlo experiments to evaluate its finite-sample properties.

We separate the identification analysis in two parts. Let P = (P,),. 4 be the profile of choice
probabilities of people in the network. Each P, (v |y) : Y x o (0,1) specifies the (ex-ante)
probability that Person a selects option v when the choice configuration is y. Recall that, in our

model,

Pu(v]y)=Qu 3Ly, (1 Q' 1))

and the probability of selecting the default option o is [[,ey (1 — Q, (v | y)). First, we show that
each set of conditional choice probabilities P maps into a different set of connections, profile of
strict preferences, and attention mechanism. Thus, knowledge of the set of the conditional choice
probabilities allows us to uniquely recover all the elements of the model. Second, we show that the

conditional choice probabilities P can be recovered from a long sequence of choices.

4.1. ldentification of the Model from P

Under Assumptions Al and A2, changes in the choices of friends induce stochastic variation of
the consideration sets. Assumption A3 guarantees this variation is monotonic in the sense that
the probability of considering one option increases with the number of friends that are currently
adopting it. This stochastic variation in choices allows us to recover the set of connections between
the people in the network and the ranking of preferences of each of them. We then sequentially

identify the attention mechanism of each person moving from the most preferred alternative to the

21



least preferred one. Proposition 4.1 presents our first identification result.

Proposition 4.1. Under Assumptions A1, A2, and A3, the set of connections I', the profile of

strict preferences »—, and the attention mechanism Q are point identified from P.

The next example sheds some light on the identification strategy in Proposition 4.1.

Example 4. Suppose that three people A = {1,2,3} select between two alternatives J = {1,2}
and the default option 0. The researcher knows Py, P, and P3. Let us consider Person 1. Let y
be such that y; = 0. The probability that Person 1 selects the default option o (given a profile of

choices y with y; = o) is

Pi(o]y)=(1-Q (1]0o,N}(y))) (1-Q, (2] 0, N} (v)))-
Under A3, we get that 2 € N if and only if
Pi(o|0,0,0) >Pi(0]o0,1,0).

In words, if 2 € N;, then the probability of choosing the default option by Person 1 should decrease
if Person 2 picks something else. Also, if 2 € N, then the probability of choosing the default
option by Person 1 should be invariant to choices of Person 2. Similarly, 3 € N if and only if
Pi(o|0,0,0) > Py (0] 0,0,1). Thus, we can learn the set of friends of Person 1 from observed P;.

Let us assume that N7 = {2}. To recover the preferences of Person 1 note that

Pi(1]y)=Q (10N} (y)) i1 2
Pi(1]y)=Q (110N (y) (1-Q (210N} () if 211

Thus, 2 > 1 if and only if

Pi(1]o0,0,0) >P1(1]0,2,0).

Suppose that, indeed, we get that 2 >=; 1. We can finally recover the attention mechanism (for
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y, = o) via the next four probabilities in the data

P1(2|0v0’0):Q1(2|070) P1(2|0>270):Q1(2|0v1)

P1(1]0,0,0)=Q;(1]0,0)(1 =Q,(2]0,0)) Pi(1]o,1,0)=Q;(1]0,1)(1-Q,(2]0,0))
By considering two other choice profiles y with y; = 1 and y; = 2 (instead of y; = 0), respectively,
we can fully recover the attention mechanism of Person 1. By a similar exercise we can recover the

sets of friends, preferences, and the attention mechanisms for Persons 2 and 3. [

4.2. ldentification of P

This section studies identification of the conditional choice probabilities, P, and the rates of the
Poisson alarm clocks from two different datasets. These two datasets coincide in that they contain
long sequences of choices from people in the network. They differ in the timing at which the
researcher observes these choices. In Dataset 1 people’s choices are observed in real time. This
allows the researcher to record the precise moment at which a person revises her strategy and
the configuration of choices at that time. In Dataset 2 the researcher simply observes the joint
configuration of choices at fixed time intervals.

Let us assume the researcher observes people’s choices at time intervals of length A and
can consistently estimate Pr (y”A =y |y'= y) for each pair y',y € Y. We will capture these
transition probabilities by a matrix P (A). (Here again, we will assume that the choice configurations
are ordered according to the lexicographic order when we construct P (A).) The connection between

P (A) and the transition rate matrix M described in Equation (2) is given by

P(A) = &M

AM) i the matrix exponential of AM. The two datasets we consider differ regarding A:

where e!
in Dataset 1 we let the time interval be very small. This is an ideal dataset that registers people’s
choices at the exact time in which any given person revises her choice. As we mentioned earlier,

with the proliferation of online platforms and scanner this sort of data might indeed be available
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for some applications. In Dataset 2 we allow the time interval to be of arbitrary size. The next

table formally describes Datasets 1 and 2

Dataset 1 The researcher knows lima o P (A)

Dataset 2 The researcher knows P (A)

In both cases, the identification question is whether (or under what extra restrictions) it is possible

to uniquely recover M from P (A). The first result in this section is as follows.

Proposition 4.2 (Dataset 1). The conditional choice probabilities P and the rates of the Poisson

alarm clocks X are identified from Dataset 1.

The proof of Proposition 4.2 relies on the fact that when the time interval between the
observations goes to zero, then we can recover M. There are at least two well-known cases that
produce the same outcome without assuming A — 0. One of them requires the length of the
interval A to be below a threshold A. The main difficulty of this identification approach is that
the value of the threshold depends on the details of the model that are unknown to the researcher.
The second case requires the researcher to observe the dynamic system at two different intervals A,
and A, that are not multiples of each other. (See, e.g., Blevins, 2017, and the literature therein.)

The next proposition states that, by adding an extra restriction, the transition rate matrix can
be identified from people’s choices even if these choices are observed at the endpoints of discrete
time intervals. In this case, the researcher needs to know the rates of the Poisson alarm clocks or

normalize them in empirical work.

Proposition 4.3 (Dataset 2). If Assumption A2 is satisfied, the researcher knows X\, and M has
distinct eigenvalues that do not differ by an integer multiple of 2wi/A, where i here denotes the

imaginary unit, then the conditional choice probabilities P are generically identified from Dataset 2.

The key element in proving Proposition 4.3 is that the transition rate matrix in our model
is rather parsimonious. To see why, recall that, at any given time, only one person revises her
selection with nonzero probability. This feature of the model translates into a transition rate matrix

M that has many zeros in known locations (see Example 1). It is important to remark that this
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aspect of the model is not shared by models of discrete-time revision processes, where people in the

network revise choices simultaneously at fixed time intervals.

5. Extensions of the Model

5.1. Random Preferences

This section extends the initial model to allow randomness in preferences and in consideration sets.
In this case, the choice rule R, (- | C) from Section 2 is not an indicator function but a distribution
on Y. We naturally let R, (v|C) = 0 if v ¢ C. Note that the relation between preferences and
consideration sets is completely unrestricted.

Keeping unchanged the other parts of the model, the probability that Person a selects (at the

moment of choosing) alternative v € ) is given by

Pal 1Y) =2 oy Ra (01O e Qu (v 190 NY ) T e (1= Qu (¢ 190 NY (9))) - (4)

The probability of selecting the default option o is (as before) [T,ey (1 — Qq, (v | ¥4, Ny (¥))). The

next example illustrates the random choice rule with the well-known logit model.

Example 4. If we use the logit model to represent the random preferences of Person a, then the
probability that the person selects alternative 1 when alternative 2 is also part of her consideration
set would be given by

exp (U})

Ra(1]{1,2}) = exp (UL) + exp (U2)

In this expression, Ul and U? are the mean expected utilities that Person a gets from alternatives 1

and 2, respectively. |

Under this variant of the initial model, the identification of P follows directly from Proposi-

tions 4.2 and 4.3. We will thereby focus on recovering the set of connections, the choice rule, and
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the attention mechanism from P. The main result is as follows.

Proposition 5.1. Suppose Assumptions A1-A3 are satisfied. Then, the set of connections I' and
the attention mechanism Q are point identified from P. For each a € A, the random preferences R,

are also point identified if, and only if, in addition, we have that |[N,| >Y — 1.

Remark. The last result extends to the case in which the random preferences include the default
option o with only one caveat. In this case, the attention mechanism can be recovered up to ratios
of the form Q, (v | Ya, N2 (¥)) / Q, (v | ya, 0). That is, we can only recover how much eztra attention

a person pays to each option as more of her friends select that option.

As in our previous results, under Assumptions A1-A3, observed variation in the choices of
friends induce stochastic variation of the consideration sets and this variation suffices to recover the
connections between the people in the network and the attention mechanism. The only difference
with respect to the case of deterministic preferences is that with random preferences we need a
larger number of friends for each person, i.e., [N,| > Y — 1 for each a € A. The extra condition
guarantees the matrix of coefficients for the R/s in expression (4) is full column rank. Indeed, we
show that |[A,| > Y — 1 is not only sufficient, but necessary, to this end. We illustrate the last

result by a simple extension of Example 4 above.

Example 4 (continued). Let us keep all the structure of Example 4 except for people’s preferences,
which we now assume are random. The identification of the set of connections and the attention
mechanism follows from similar ideas. Thus, we will only focus on recovering Ry, Rs, and Rg.

Consider the following system of equations for Person 1 that connects the observed P with Q and R

Py (1| y1,0,0)/ Qi (1]y1,0) 1-Q(2]y,0) Q(2]w,0) Ry (1] {o,1})
Pi(1]y1,2,0)/Qi(1]1,0) 1-Q 2]y 1) Q(2]yi, 1) Ri(1]{o,1,2})

The fact that Ry (1| {1}) and Ry (1 | {1,2}) can be recovered follows because, by Assumption A3,

we have that the determinant of the matrix of the coefficients in the above system of equations is
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different from zero:

1-— 2 70 2 ’0
det ©G2In0 QEln) = Q1 (2]y1,1) = Qi (2]w1,0) > 0.

1-Q(2|wy,1) Qu(2]wy1,1)

The extra condition, |A,| >Y — 1, and Assumption A3 guarantee that the matrix of coefficients

for the R,’s is always full column rank. |

5.2. No Default Option

In the initial model, the default option plays a special role: it is chosen if, and only if, nothing else
is considered. In some settings, such default option may not exist.” This section offers a variant of
the model that accommodates to this possibility.®

Let us assume there is no default option o, so that )V = ). The formation process of the
consideration set is as before except that, since there is no default option, we need to specify
what people do when the consideration set is empty. Given the dynamic nature of our model,
we will simply assume that each person sticks to her previous choice if no alternative receives
further consideration.” Formally, the probability that Person a selects (at the moment of choosing)

alternative v € Y is given by

Po(v]y)=Quw 9Ly, (1= Q@ [¥) +100 =4[, 0 -Q 0 [v). )

Proposition 5.2. Suppose that Assumptions A1-A8 are satisfied and Y > 3. Then, the set of
connections I', the profile of strict preferences >, and the attention mechanism Q are point identified

from P.

The condition that Y > 3 is equivalent to requiring at least 2 non-default alternatives in
the initial model. Thus, it is not restrictive. The identification proof for the network and the

consideration probabilities is very similar to the proof of the initial model. However, since there is

"Also, see Horan (2019).
8For alternative ways to close the model see, for example, Barseghyan et al. (2021b).
9n our empirical application we use this version of our model.
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no default option, identification of preferences is more involved.

5.3. Non-Dominated Default Option

In Section 2.3, we interpreted the default option as the possibility of not-to-buy-any-alternative.
With this interpretation in mind, it is reasonable to think that people might differ regarding the
ranking of the default option. We show in this section that this variant of the model is also identified
with an additional condition.

Let us first note that, from a technical perspective, we can model the possibility that people
differ regarding their ranking of the default option by letting the set of available alternatives for
each Person a be a subset of ) that is not dominated by the default option. We can do so because
any option outside this set will never be chosen by the person. Let us call this set ),, where we are

making it clear that it varies across people. The identification result is as follows.

Proposition 5.3. Suppose that Assumptions A1-A3 are satisfied and for each a € A and each
y € Y, there exists a’ € N, such that y € Y. Then, the set of connections I', the profile of strict

preferences >, and the attention mechanism Q are point identified from P.

The extra condition simply requires each person to have, for each alternative that is not
dominated by the default option, at least one friend for whom that alternative is also not dominated
by the default option. This condition ensures enough variability in the consideration probabilities
to recover the ranking of preferences of each person. The identification strategy is otherwise similar
to the initial one. (Note that for each Person a we can only recover the set of friends —or members
of her reference group— that share with the person at least one element of the set of alternatives

that are not dominated by the default.)
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5.4. More General Peer Effects in Consideration Sets

In our initial model, the probability that Person a faces consideration set C given a choice

configuration y takes the form of

Il ce Qa (@ 1w No (W) T e (1= Qo (v ] 40, NG () -

This approach entails a multiplicative separable specification of alternatives in the consideration
sets. It also assumes that the probability of considering an option depends only on the total number
of friends who pick that option, but not on the identity of these friends (i.e., the effect of friends’
choices is symmetric across friends). We next show that neither of these assumptions is essential
for our approach. Indeed, all previous insights can be used here to extend the initial results.

For each Person a and configuration y, let 7,(- | y) be an attention index function from 2%
to the positive reals. The value 7,(C | y) captures the attention that Person a pays to the set of
alternatives C € 2¥ given the choice configuration y. The attention-index measures how enticing
a consideration set is (see Aguiar et al. (2022) for further details). We define the probability of

facing consideration set C as
1a(C | y)

> pey (DY)

In this model, the consideration set probabilities are as in Brady and Rehbeck (2016). Since 7,

can be identified only up to scale, we normalize the attention-index for the empty set to be 1 (i.e.,
n@|y)=1forally e ?“‘).10 This more general setting covers our initial model, which is based
on Manzini and Mariotti (2014), as a special case.

By combining preferences and this specification of stochastic consideration sets, the probability

that Person a selects (at the moment of choosing) alternative v € ) is given by

7. (C|y) _
> peya(D 1Y)

Pa(0]¥) = Xoyro Ra (0] 0)

The probability of selecting the default option o is just 7, (0 | y) / Xpcy n.(D | y). To better

'9Tf one instead normalizes Y 5y, 7a(D | y) = 1, then we get the consideration rule of Aguiar (2017).
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understand the connection between our initial model and this extension note that, for any v € Y

and C C Y such that v € C, we have that

1.(CU{v} |y) Q.(v|y)

1.(C | y) 1-Q,(v|y)

Thus,

1.(CU{v} |y)
Na(CU{v} | y) +1a(C|y)

Based on this alternative specification, we accommodate Assumptions Al and A3 as follows.

Q.(v]y)=

(A1’) Foreacha € A;v e Y, andy € ?A, there exists C € 2% such that v >, v for all v € C and
Mo (CU{v} [y) > 0.

(A3’) For each a € A, C € 2Y, and y,y* € ?“‘, such that y is different from y* just in one

component a*,
(i) a* @ Noor yar, Yoo €C = 10a (Cy) =na(C|¥"):
(i) a* € Ny, yor €Cand yis €C = 1, (C|y) > 1. (C | y*) with strict inequality for some C.

Assumption A3’(i) states that the attention a person pays to a given set is invariant to the
choices of those who are not connected with the person and to alternatives that do not enter the
set. Assumption A3’(ii) means that switches of friends to a new alternative boost the attention for
all sets that contain this new alternative. Note that Assumption A3’ does not assume that different
friends affect consideration probabilities symmetrically. That is, the model allows the possibility
that some friends have a bigger effect than others. Since the probability of facing consideration set
C is proportional to the inverse of the total attention, Y -pcy 7.(D | y), even if peers are switching
between alternatives that are not elements of C, the probability of facing C may change.

The next proposition states that, with this general alternative specification, the network structure
and the profile of preferences can be uniquely recovered from the conditional choice probabilities.
Though the attention mechanism is just partially-identified, it is point identified under additional
restrictions that reduce the dimensionality of the problem; we describe some of these restrictions in

the next result.
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Proposition 5.4. Suppose that Assumptions A1’, A2, and A8’ are satisfied. Then, the set of
connections I' and the profile of strict preferences > are point identified from P. If additionally for

anya € A,y € ?A, and C,D € 2¥ one of the following holds

(i) (Manzini and Mariotti, 2014) n.(C | y) = HvGC n({v} | y);

(ii) (Dardanoni et al., 2020) |C| = |D| = 1,(C |y) =n.(D | y);

(i) € | ¥) = 3, o mal{v} | ¥);

(iv) N.(C |y) =na({v*} | y), where v* € C satisfies v* =, V' for allv' € C;
then {Na}aca is also pointidentified.

Condition (i) in Proposition 5.4 restates our main result using the consideration set formation
model of Manzini and Mariotti (2014) —see also Manski (1977). Condition (ii) shows that the
model analyzed in Dardanoni et al. (2020) —where the sets of equal cardinality are considered
with equal probability— also imposes enough restrictions to recover consideration probabilities.
Conditions (iii) and (iv) are new. Condition (iii) is similar to condition (i), but defines “aggregate”
attention as a sum of singleton-attentions. Condition (iv) postulates that consideration probability

of a set only depends on the best alternative in that set.

6. Empirical Application

The application we study is based on an experimental dataset that has been used to compare the
effectiveness of various models that aim to predict the visual focus of attention of individuals within
a group.'! In the experiment, a group of people were asked to play the Resistance game. This is a
party game in which people communicate with each other in order to find the deceptive players.
The game was implemented in several rounds and lasted about 30 minutes. Five participants were

seated around a circle. A tablet was placed in front of each player and it recorded the direction of

HSee Bai et al. (2019).
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the sight of the player every 1/3 of a second. Each player can focus on 5 points —4 other players
and the tablet. The dataset contains only information about the exact point of focus of each player
(i.e. we do not know whether the person of focus was speaking or not). To simplify the exposition,
we let the choice set of each person to be looking to the left, to the tablet, or to the right (i.e., left,
tablet, or right). Although the choice set is rather small, players on average make at least 1 choice
every 1.76 seconds in our data. We believe that such high frequency of choice forces players to not
consider all available options, thus justifying the use of our model. The raw frequency of choices in
the data is displayed in Table 9.

Table 9 — Marginal Shares (%)

Player 1 Player 2 Player 3 Player 4 Player 5

left 40 35 30 29 20
tablet 20 38 ) 15 16
right 40 27 65 56 34

Notes: The sample size is 7875. Numbers were rounded.

Our structural approach allows us to separate two key forces in explaining the data: directional
sight preferences of players and peer effects in gazing. The two estimated effects are motivated by
two well-known observations: First, visual designers create online platforms under the premise that
people scan certain areas of the screen before others. In particular, it is believed that, everything
else equal, people spend more time looking to the left side of the screen as compared to the right
side.'? This so-called left-to-right bias has been also documented by experimental studies.'® Second,
in social environments, it has been observed that people automatically redirect their visual attention
by following the gaze orientation of other people, a phenomenon called gaze following.'*

Before offering more details on the dataset and our estimates, let us briefly describe the main
findings. Interestingly, despite considerable differences in the raw marginal shares of the three
choices across players, as reflected in Table 9, the estimated preferences for directional sight of all

players coincide. (Let us highlight here that in our estimation we allowed for full heterogeneity in

12Gee, for example, https://www.nngroup.com/articles/horizontal-attention-original-research/.

13See Spalek and Hammad (2004, 2005) and Reutskaja, Nagel, Camerer and Rangel (2011). See also Maass and
Russo (2003) and reference therein.

HGee, for example, Gallup, Hale, Sumpter, Garnier, Kacelnik, Krebs
and Couzin (2012) and https://www.nationalgeographic.com/science/article/
what-are-you-looking-at-people-follow-each-others-gazes-but-without-a-tipping-point#close.21.
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preferences across people.) Consistent with the left-to-right bias, all players preferences agree in
that

left > tablet > right.

The estimates for peer effects in consideration sets (in the data) are positive and relevant. These
findings emphasize the importance of peer effects on attention and provides indirect evidence of
the left-to-right bias, which is important for advertisement and marketing.

We next present more details on the dataset we use and some assumptions we make to simplify

the exposition. (See Appendix E for extra information.)

Data The dataset contains 7,875 observations of the direction of each of 5 player’s sight. Although
the frequency of sight measure was rather high (3 measurements per second), about 26 percent of
the observations have more than one player changing the direction of sight between consecutive

measurements. Thus, we treat the dataset as discrete time data (i.e., Dataset 2 in Section 4).

Choice sets To capture possible preferences for direction in visual focus of attention, we aggregate
the data to three options: left, tablet, and right.'” (The original dataset has five options as each

person can look at one of her four opponents or her tablet.)

Consideration probabilities and choices of friends We assume that consideration probabilities
on the direction of sight (i.e., left, tablet, or right) vary with the number of peers that look in the
same direction. That is, each player is more likely to consider looking at a particular area if other

players are doing so.'°

Network structure Given the small number of players and the fact that participants are playing
a party game with monetary prizes, we think it is natural to assume the network is complete. That
is, we assume each player is connected to all other players in the group. This assumption is not

necessary for our analysis and can be dropped. However, it decreases the computational burden

15This aggregation has several other advantages. For instance, the induced model has more players than alternatives.
It also reduces the cardinality of the outcome space and the possible number of preference orders, i.e., 3° = 243 vs.
5% = 3125.

16 Allowing for dependence of consideration probabilities on the current selection does not change the estimated
preferences. See Appendix E for further details.

33



and simplifies the exposition. Moreover, our estimation results suggest that this assumption holds.
In particular, the estimated consideration probabilities increase from 3 to 4 peers, which is the

maximal number of friends, for all players (see Figure 2).

Preferences and the default option Since, in this setting, there is no reason for us to treat
one of the directions as the default option (i.e., always considered and the least preferred), we use
the specification of the model with no default option presented in Section 5.2 for the estimates.
Also, we do not impose any restrictions on preferences neither for each person nor across different
people. Thus, in total, we have 3 possible preference orders for each player and 3° = 243 possible

combinations of preference orders for the five players.

Estimation Since we work with discrete-time data (Dataset 2), we follow the following general
estimation procedure. Let 8 = (I', >, Q) be an element of the space of possible parameters we want
to estimate. (We normalize the intensity parameter A\, to 1 for all @ € A.) Note that since the
number of people in the network and the number of choices is finite, the parameter space for I' and
> is a finite set. For each § we can construct the transition rate matrix M (6) using Equations (1)

and (2). In turn, this information allows us to calculate the transition matrix
P(0,A) = AMO),

Given a sample of network configurations {y;}L,, we can use the latter to build the log-likelihood
function Ly (0) = S{-' In Pyiyy)u(yeer) (0, A), where ¢ (y) € {1,2, . ,?A} is the position of y
according the lexicographic order, and Py, (0, A) is the (k, m)-th element of the matrix P (6, A).

Finally, the maximum likelihood estimator of the true parameter value can be defined as'’
O = arg maxy Ly (6) .

Given that we assume that the network structure is known (the network is complete), we only need

to estimate > and Q.

IT"We assesses the finite-sample performance of the proposed estimator in Appendix B.
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Figure 1 — Consideration probability as a function of the number of friends looking in the same
direction. Model I(a).

We estimate a few specifications of the model. We present two of these specifications next and
display the other ones in Appendix E.3. In Model I(a), we assume there is no heterogeneity in
consideration probabilities across options and players, i.e., Q(-) = Q, (v | -) for all @ and v. Model
I(b) adds heterogeneity in consideration probabilities across players. All the models we estimate
allow for unrestricted heterogeneity in preferences regarding directional visual sight.

Figure 1 shows the estimates for the consideration probabilities of Model I(a). Note that
although monotonicity of @ in the number of friends was not imposed in the estimation, the
estimated probabilities are indeed monotone increasing. The estimated preferences for directional
sight coincide for all players. Specifically, all players prefer looking to the left, then to tablet, and

then to the right. That is, we obtain that, for each a € A,
left >, table >, right.

Thus, in the first specification of our model, all the players show the left-to-right bias.

Figure 2 shows the estimates for the consideration probabilities for Model I(b). Similar to the
case with homogeneity, many of the consideration probabilities for each direction of sight are indeed
increasing in the number of players looking at that direction. This monotonicity also suggests that

indeed every player is connected to all other players (e.g., if Player a had only 2 friends, then the

35



+Q1

‘:4; I +Q2
— +Q3
o)
%3 0.8 ——Q,
2 06|
]
RS
= 04+
=
‘B 0.2
[w]
S

0!

0 1 2 3 4

Number of friends
Figure 2 — Consideration probabilities for different players as functions of the number of friends
looking in the same direction. Model I(b).

consideration probability would be the same for 2, 3, and 4 friends). The estimated preference
orders coincide in Models I(a) and (b). That is, here again, all the players prefer looking to the left,
then to tablet, and then to the right.

To sum up, despite considerable differences in raw marginal shares (see Table 9), the preferences
for directional sight of all players coincide and are consistent with the left-to-right bias. As a
robustness check, to address possible concerns with the dynamic of players’ interactions in different
stages of the game (e.g. learning), we estimated the previous two models using the last half
of observations and the middle half of observations (i.e., we did not use the first and the last
quarter of observations). The consideration probabilities are similar to the ones estimated using the
whole sample, and the estimated preferences of all players are again left >, table >, right. (See

Appendix E.2 for further details.)

7. Final Remarks

This paper adds peer effects to the consideration set models. It does so by combining the dynamic

model of social interactions of Blume (1993, 1995) with the (single-agent) model of random
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consideration sets of Manski (1977) and Manzini and Mariotti (2014). The model we build differs
from most of the social interaction models in that the choices of friends do not affect preferences
but the subset of options that people end up considering. (Appendix C shows that the empirical
predictions of our model differ from the ones of the model with peer effects in preferences.)

From an applied perspective, changes in the choices of friends induce stochastic variation of
the considerations sets. We show that this variation can be used to recover the main parts of
the model. On top of nonparametrically recovering the preference ranking of each person and
the attention mechanism, we identify the set of connections or edges between the people in the
network. The identification strategy allows unrestricted heterogeneity across people. We propose a
consistent estimator of model parameters and apply it to an experimental dataset. The structural
approach we offer allows us to identify and estimate two main determinants on people visual focus
of attention: directional sight preferences and peer effects in gazing. Our results are consistent with
the documented left-to-right bias in directional sighting and positive peers effects in gazing.

We believe that our approach to peer effects in consideration sets could be incorporated in
various empirical studies of technology adoption and diffusion. For instance, Aral, Muchnik and
Sundararajan (2009) develop a dynamic matched sample estimation framework to distinguish
influence and homophily effects in the day-by-day adoption of a mobile service application (i.e.,
Yahoo! Go). A similar dynamic matched sample estimation framework could be used to recover
preferences over adoption and the influence of neighbor adoption rates on likelihood of considering

the possibility of incorporating the mobile service application.
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A. Proofs

Proof of Proposition 3.1: For an irreducible, finite-state, continuous Markov chain the equilib-
rium p exists and it is unique. Thus, we only need to prove that A1 implies that the Markov chain
induced by our model is irreducible. First note that, under Al, for eacha € A, v € Y, andy € ?A,

we have that

1>Po(v]y)=Qu (9 Ne )Ly, (1-Q, (v |4 NY ())) > 0.

To show irreducibility, let y and y’ be two different choice configurations. It follows from expression
(2) that we can go from one configuration to the other one in less than A steps with positive

probability. ]

Proof of Proposition 3.2: Let v} be the most preferred alternative of Person a according to
>a. Given that Q, (v | ya, NL (y)) = Q, (v | N2 (y)) for all v € Y, and a ¢ N for all ' € A, we

have that

pa (V) =2° 501 Qu (U7 INT(Y)) fima (V—a)

If Ny € N, then Q, (vi| NI (y)) > Q) (vi|N:(y)). The result follows because, by A3,

Q, (v | N (y)) is weakly increasing in N¢ (y). |

Proof of Proposition 4.1: By Al, P, (- | y) has full support for each y € ?A. By A2 and A3,
P, (v ]y) is decreasing in NV (y) for each v/ =, v (with strict inequality at zero). Thus, we can
recover N,. Since this is true for each a € A, we can get I' = (A, e). Also, from variation in N?' (y)

for each v’ # v, we can recover Person a’s upper level set that corresponds to option v. That is,
W ey v =, v}.

By repeating the exercise with each alternative, we can recover >,. Finally, suppose that v} is the
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most preferred alternative for Person a. Then,

Po (v) | y) = Qu (03 | 40 N (¥)) -

It follows that we can recover Q ( U | Yo, N (y )) for each y € v By proceeding in descending

preference ordering we can then recover Q, (v | yq, N? (y)) for all v € Y (and each y € ?A). [

Proof of Proposition 4.2: Since lima_,o P (A) = M, we can recover transition rate matrix from

the data. Recall that

0 it ZaEA]l (yé 7é ya) > 1
Yaea N Pa (WL | V)L (Y # va) if Xacal (Y, #ya) =1

m(y'|y) =

Thus, \e Po (v, | y) = m (¥, y_o | y). It follows that we can recover \, P, (v |y) for each v € Y,

y € 7‘, and a € A. Note that, for each y € 7‘,

Zvef)\ «(v]y)= )\Zey W1y) = A

Then we can also recover )\, for each a € A. [ |

Proof of Proposition 4.3: This proof builds on Theorem 1 of Blevins (2017) and Theorem 3 of
Blevins (2018). For the present case, it follows from these two theorems, that the transition rate

matrix M is generically identified if, in addition to the conditions in Proposition 4.3, we have that

Y +1)*— Ay —

DO | —

This condition is always satisfied if A > 1. Thus, identification of M follows because, by A2, A > 2.

We can then uniquely recover (P,),. , from M as in the proof of Proposition 4.2 [ |

Proof of Proposition 5.1: Note that expression (4) can be rewritten as follows

Po(0]¥) =Y oy RaWIOTT e Qu (v 190 N 0)) Tge (1= Qu (v 19N () =
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Qu (19 N2 () D cynee Ra (01O T ey Qo (0 190 NE 0)) T (1= Qu (v 190 N2 ()

Thus, by A2 and A3, we can state whether o’ € N, by checking whether P, (v | y1 =o0,...,y4 = 0)
moves up when we change y, from o to v for some v in ). It follows that the network structure is
identified.

Let y be such that N! (y) = 0 and let us assume that at least one person (different from a) in y

selected the default option (i.e., there is at least one y,, = o with a’ # a). Let y’ be such that
NY (y) =NV (y') for all v/ # v and N® (y) = 1.

Note that

Pa(0]y')/Pa(v]y) =Qq(v|ya,1)/Qq (v ]¥a,0).

Also
Po(o|y)/Paloly)=(1-Q,(v]¥a1)/(1=Qu(v]Ya0))-

Thus, by A3, Q, (v | ¥4,0) and Q, (v | ¥4, 1) can be recovered from the data. By implementing a
similar procedure for different values of N (y) we can recover Q, for each y,. Finally, since this is
true for any arbitrary a and y,, then we can recover the attention mechanism (Q,),c 4-

We finally show that R, is identified if and only if (in addition to A1-A3) we have that
IN.| > Y — 1. We will present the idea for v = 1, agent a, and y,. (The proof immediately extends
to other agents and alternatives.) We want to recover R, (1 | C) for all C. To simplify the exposition

we will write

M. = N
Qo (v | yaym) = Q' (v|m)
1—Q, (v |yaym) = Q°(v|m)
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We have a set of equations indexed by y

Po(1]9)/Qu (150 Na (0) = Yoeynce Ra (01O T ey @ (R INE®)) Ty @ (K I NG (3)) -

To present the ideas more clear let A(N,Y') be the matrix of coefficients in front of the R;s. The
above system of equations has a unique solution if and only if A(N,Y") has full column rank. The
column of A(N,Y’) that corresponds to any given C C ) consists of the elements of the following

form
ery Qn(keC) (k | Nk)

where N¥ {0,1,...,N} and Y, N* < N. The last claim in the proposition follows from the next

lemma.

Lemma 1: Assume that A1-A3 hold. For all Y > 2 and N > 1
N >Y —1<= A(N,Y) has full column rank.

Proof.

Step 1. To illustrate how the idea works, note that A(1,2) and A(1,3) can be written as follows

Q" (210) Q'(2]0)
Q"(211) Q'(2]1)

A1,2) =

and

Q"(310)Q"(210) Q"(310)Q'(2]0) Q' (3]0)Q"(210) Q' (3]0)Q"(2]0)
AL3) = 1 Q" @10)Q (211 Q"B310)Q'(2]1) Q'(3]0)Q°(2]1) Q' (3[0)Q"(2]1)
Q"BI1Q(210) Q"B1Q'(2]0) Q'B|1NQ"(2]0) Q'(3]1)Q"(2]0)
Q"(3[0)A(1,2) Q' (3]0)A(1,2)
Q" (311)A(0,2) Q' (3]1)A(0,2)
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where A(0,2) = < Q’(2]0) Q'(2]0) )
Similarly, the matrix A(N,Y + 1) can be written as follows

Q° (Y +1]0)A(N,Y) Q' (Y +1]0)A(N,Y)
QY +1]1H)AN-1LY) Q" (Y +1|]1) AN —1,Y)
AN Y +1) = QY +1]2)AN—-2,Y) Q' (Y +1]2)A(N-2Y)

QY (Y +1| N)A(0,Y) Q' (Y +1|N)A(0,Y)

Note that A(K,Y) is a submatrix of A(K + 1,Y") for all K (with the same number of columns).
Thus, it is clear that A(NV,Y + 1) has full column rank only if A(N,Y’) and A(N —1,Y") have both
full column rank, which is the same as to say A(N — 1,Y") has full column rank. We next show that
under A3, if A(N —1,Y) has full column rank, then A(N,Y + 1) has full column rank too. To this
end, let M be a matrix obtained deleting rows from A(N — 1,Y") in such a way that det (M) > 0.
Then, by A3, we have

QUW+1|l0)0M Q' (Y+1|0)M

det = (QV+11)-Q' (Y +1]0)
QY +1|)M Q' (Y+1|1)M

2Y—1

det (M)* > 0.

In summary, we have that

A(N,Y +1) has full column rank <= A(N — 1,Y) has full column rank.

Step 2. Consider (N,Y) = (1,2). Note that

Q"(210) Q'(2]0)
Q"(211) Q'(2]1)

A(1,2) =

has full column rank since det (A(1,2)) = Q' (2] 1) — Q"' (2] 0) > 0. Also, any A(N,?2) with N > 1
will have full column rank because A(1,2) is a submatrix of A(NV,2) with the same number of

columns.
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Finally, note that A(1,3) does not have full column rank since the number of columns is higher

than the number of rows.

Step 3. From Step 1 we got that, for all Y > 2 and N > 1,
A(N,Y +1) has full column rank <= A(N — 1,Y) has full column rank.

From Step 2, we get that A(N,2) (with N > 1) has full column rank and A(1,3) does not have full

column rank. The claim in Lemma 1 follows by combining these three results. [
Proof of Proposition 5.2: This proof is divided in three steps.

Step 1. (Identification of the Set of Connections) Take any two different people with
arbitrary designations a; and ay. Note that if ay &€ N,,, then P, (v | y) = P, (v | ¥y') for any y and
y’ such that y, =y, for all a # a and y,, # v. Also, let v} be the best preferred alternative of a;.
Then, by Al and A3, for any y such that y,, # v}

Po, (v2, 1y) = Qq, (v, | y)

is constant in y,, if and only if ay & N,,. Altogether, as & N, if and only if P,, (v | y) with y,, # v
is constant in y,,. As a result, we can identify whether a, is in the set of friends of a;. Since the
choice of a; and as was arbitrary, we can identify the set of connections I'. Note that for this result

we only need Y > 2.

Step 2. (Identification of the Preferences) Fix some Person a;. We will show the result for a
set of alternatives Y = {1,2,3} of size 3. (The proof easily extends to the case of more alternatives.

The only cost is extra notation.) Recall that for the probability of picking the best alternative of

*

Person ay, vy, is

Pay (v, 19) = Qu, (00, | v ol ()

for any y,, # v; . Hence, if any of friends of a; switches from the second best (v;*) to the third

best (v;*) option or from v;** to v;*, then P, (v; |y) will not change.
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Similarly, the probability of picking the second best is
Pay (037 13) = Qu, (07 10 NP ) (1= Qu, (05, |0 N ()

for any y such that y,, # v;* and Nﬁl (y) € {0,1}. Thus, the friend changing from v} (v;**) to

al

vp (v;)) will increase (decrease) Pg, (viF | y).

Finally, the probability of picking the last option is

*okok *
’Ua1

Pay (07 1) = Qu, (0 1o N ) (1= Qu, (v, 100 N ) ) (1= Qo (07w N 9 ).

The changes in this probability because of switches of a friend from v} to v;* or from v}’ to v}

kokk

are ambiguous: P, (v;™* | y) may increase, decrease, or stay constant.

Next take option 1 and consider changes in the probability of picking it by Person 1 when her
friend of switches from option 2 to option 3 and from option 3 to option 2. Then repeat the same
exercise for option 2 (switches from 1 to 3 and from 3 to 1) and option 3 (switches from 1 to 3 and
from 3 to 1). Note that one of these probabilities, say for option 1, will be invariant to switches,
another one will increase and decrease (say option 2). The third probability (for option 3) may
behave differently.

Case 1. The third probability is increasing with one switch and decreasing with the opposite one.

Then we can conclude with certainty that option 1 is the first best option. Hence we can identify

Qu, (05, 1900 N2 (9)) = P07, | 9)

for all y,, # v; = 1. Next note that

Po2]y) Q2] a NG (¥), if 2 -, 3

1—P,(1]y) Qo2 | Yar N2 () (1 = Qu(3 | 4ors N2 (), i 3 4, 2

for any y,, & {1,2}. Thus a switch from option 1 to option 3 (or from option 3 to option 1) should

identify the second best and the third best options.
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Case 2. The third probability is invariant to changes. Then we can conclude with certainty that
option 2 is the second best option. We also identify the fist best the the third best options since
P, (v;* | y) increases when a friend switches from the first best to the third best option and
increases when the switch is opposite.

Case 3. Non of the above two cases. Then we can conclude with certainty that option 1 is the first
best, option 2 is the second best, and option 3 is the third best option.

Thus we can identify preferences of a;. Since the choice of a; was arbitrary we can identify

== (>a)acA-

Step 3. (Identification of the Attention Mechanism) Fix some a; and let y; be the most

preferred alternative of Person a;. Then we can identify Q,, (v, | Ya,» Newt (y)) for any y such that
Y, 7 Ya, Since
Ya, *
Qu, (0, 1 ors N () = Pan (5, 1)

By proceeding in decreasing preference order we can recover Qg (¥4, | Yai> Noo (y)) for any y; and

y such that y;, # ya,. Moreover, we can identify

/ v’
Hv’#yal (1 - Qa (U ’ yll17Na1 (Y)))
Next note that for any y such that y; = ya,

Pay (v, 1Y) = Mgy, (1 Qa (v 19, NL (7))

Quy (4, | v N (3)) = = T, (1-Qu (0192 N2 (3))

Hence, we can identify Q, (v | ¥a:, ( )) for all y. Let y.* be the second best alternative

of Person ay, then for any y such that y;* = y,, similarly to the case with y; we can identify

Qa1 (ya1 | yaluNal ( )) since

Py (07 1Y) = Mggr (1= Qa, (/1955 N2 (9)))
1= Qo (3 | 90 N () = Ty (1= Qu, (v [ NL(Y)))

Qu, Wir | Yar» i (y)) =

and thus we recover Q, (Var | Ya, Na1 ( )) for all y. By proceeding in decreasing preference order
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we can recover Q, (v, | Ya,, Nz (y)) for any v, . and y. Since the choice of a; was arbitrary we

can identify (Q,)acAa- [

Proof of Proposition 5.3: By Al, P, (- |y) has full support on Y, = Y, U {o} for each
Y € XaeaYa and for every a. By A2 and A3, P, (v | y) is weakly decreasing in NY (y) for each
' >4 v. Since NV (y) can take at lest two values (every option is in the choices set of at least one
friend), we can recover N,. Since this is true for each a € A, we can get I' = (A, e). Also, from

/
variation in N! (y) for each v’ # v, we can recover
{V €Yy =4 v}

By repeating the exercise with each alternative, we can recover >, over ),. Finally, suppose that

y» is the most preferred alternative for Person a. Then,

Po (U 1Y) = Qu (45 | 90 N () -

It follows that we can recover Q, (y; | ya,NZ; (y)) for each y € XgeaV,. By proceeding in

descending preference ordering we can then recover Q, (v | ¥4, N (y)) for all v € Y, (and each

Y € XaeaVa)- [ |

Proof of Proposition 5.4: Step 1. (Identification of the Set of Connections) Take any
two different agents a; and as. Note that if as & N,,, then P, (v |y) = Py, (v ] y’) for any y and
y’ such that y, =y, for all @ # ay and y,, # v. Also, if v} is the best preferred alternative of a,
then by Assumptions A1l” and A3’ for any y

Pa1 (U;l | y)
m h 26623}:02166 nal (C | y)

is constant in choices of Person a, if and only if ay & N,,. Hence, ay & N,, if and only if
Po, (v ]y)/Ps (0] y) is constant in y,,. As a result, we can identify whether as is a friend of a;.
Since the choice of a; and as was arbitrary we can identify the whole I'. Note that for this result

to hold we only need || > 2.
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Step 2. (Identification of the Preferences) Fix Person a; and y* = (0,0,...,0)/. Note that

Pal (U:u | y*) .
W - ZCGQJ}ZU:{IGC Nay (C ’ Yy )

will increase if any of friends of a; switches to anything else. Let v} be the second best preferred
alternative of a;. Then

P, (vir | v*)

B loly) — 2ecewius geec i (C1Y7)
will increase if any of friends of a; switches to an element of C that corresponds to a strict inequality
that and is different from v} . Moreover, this probability will not change if any of friends of a,
switches to v; . Hence, we can identify v; . Applying the above step in decreasing order, we can
identify the whole preference order of Person a;. Since the choice of a; was arbitrary we identify
preferences of all persons.
Step 3. (Identification of the Attention Mechanism) Take any Person a; and configuration

y. Since preferences are identified, assume without loss of generality that Y >,, Y —1 >, Y =2 >,,

- >4, 2 >4, 1. Note that we have the following system of Y equations

P, (k|y) |71a({1}]y) k=1,
P

Yectt, -1} M (CULRY |y), k=2,....Y.

Note that 7n,, could have generated the data if and only if it solves the above system of equations.
Since, there are 2¥ — 1 unknown parameters (recall that attention to the empty set is normalized
to be 1) and Y equations, and there is no single attention parameter that enters more than one
equation, 7,, can not be identified without more restrictions. Suppose 7,, is multiplicative. So we

only need to identify n,, ({k} | y) for all £ € Y. Then, first, we can identify 7,, ({1} | y) since

P, (1ly)
P 0y Ny ({1} [ ¥)
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Next,

m =00 ({2} | y) + 10, ({1, 2} [ ¥) = 1, ({2} [ ) + 70 ({1} | ¥)7m0, ({2} | ).

Hence, we identify 7,, ({2} | y). Repeating the above steps recursively we can identify 7,, since

Pa, (k| y) 1
NOIME ' |
N ({K} 1Y) P, (0]y) ch{l,...,kfl} n.(C|y)

The same argument can be applied if 7,, is additive. This approach can be generalized if one
models the attention index of a set as a strictly increasing transformation of attention indexes of
elements of that set (i.e., 7o, ({1,2} | ¥) = ¢q1.2) (M, ({1} | ¥), 70 ({2} | y)), Where ¢ 5 is strictly
increasing in both arguments).

Suppose that 7,, is the same for sets of the same cardinality. Since we know 7,, ({1}) from
the first equation we identify attention indexes for all singleton sets including 7,, ({2} | y). Hence,
using the second equation we identify 7., ({1,2} | y) and, thus, attention indexes for all sets of
cardinality 2. Repeating the above arguments recursively we can identify 7,,.

It is left to show that if 7,, is the same for sets that have the same best option, then it is also
identified. Again, 1,, ({1})is identified from the first equation. Since n,, ({2} | y) = 1., ({1, 2} | y),

from the second equation we identify

N ({2} 1 ¥) =10, ({1,2} | y) = m'

Repeating the above arguments for every equation we get that

P(ll (U:;J,C | y)
,UZLC Pal (O | Y)’

N2, (C | ¥) =

where v}, - is the best alternative in C according to >,,. Since the choice of a; and y was arbitrary,
we identify n, for all a € A.
We conclude the proof by showing that restrictions (i) and (ii) correspond to the models

of consideration sets formation in Manzini and Mariotti (2014) and Dardanoni et al. (2020),
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respectively. Equivalence between (ii) and the model in Dardanoni et al. (2020) is straightforward

since

WCly) w1y )
Sy B1Y) SgynBly) MO T m P

To show equivalence between (i) and the model in Manzini and Mariotti (2014) assume first that

na(+ | y) is multiplicative (i.e., satisfies condition (i)). Then for every v € ) define

__m{utly)
Qu(vly) =17 na({v} |y)

Since n,({v} | y) > 0 (otherwise multiplicativity of 7, would imply that sets that contain v are never
considered, which would contradict Assumption A1’) and finite, we get that Q,(v | y)) € (0, 1).

Take any A. By multiplicativity of n, we get that

na(A1y) =11, ma{y} [¥)-

Note that for singleton ) we have that Yoy 1.(C | y) = 1+1,(Y | y). Then using multiplicativity

we get that for Y U {y*} such that y* ¢ Y

D ceyuyy (€ 1Y) =20y malC 1Y)+ 3y, ma(C ULy} [ y) = (L4 na({y} [¥) Doy, ma(C 1 y)-

Hence, by induction

> ey (€ 1Y) =TL (1 + mal{u} | ).

As a result,

n(Aly) n.({y} | ¥) ~ n{y'ty)
Soey i [v) ~ oea T, ((o) [y Lvena ( T+ n (] | y>>

=T1,cs QI T a1 = Qul' [9):

Thus, condition (i) implies the model in Manzini and Mariotti (2014).
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To show the opposite assume that the probability of considering a set A is

L) QI e a1 = Q' [¥)

Q.(y|y)

1-Quyly)
bigger than one define 1,(A | y) = I1,ean.({y} | ¥). By construction, the constructed 7, satisfies

for some Q,. For singleton sets define n,({y} | y) = For sets with cardinality

multiplicativity and it is easy to verify that

, _ n(Aly)
1Lcs Q@ ], (1= Q' 1y) = S ey m(C | y)

B. Finite Sample Performance of the Estimator

In this appendix we evaluate the performance of our estimator by means of simulations.

Recall that 6 = (I, >, Q) is an element of the space of possible parameters we want to estimate.
Since the number of people in the network and the number of choices is finite, the parameter
space for I and > is a finite set. For each 6 we construct the transition rate matrix M () using

Equations (1) and (2). The transition matrix then is
P (0,A) = AMO),

The log-likelihood function is Ly (6) = /20" In Py, uiyeen) (0, A), where ¢ (y) € {1, 2,... ,?A} is
the position of y according the lexicographic order, and Py, (6, A) is the (k, m)-th element of the

matrix P (6, A). Finally, the maximum likelihood estimator of the true parameter value can be

defined as

-~

Or = argmaxy Ly (0) .
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To evaluate the finite-sample properties of our estimator we conducted several Monte Carlo
experiments. In all experiments we simulated discrete-time data from the specification presented in

Example 2 in Section 3. In particular, we assumed that
211, 1592, 2%31, 1>42, 1>52,

7
Quin=7 QuIN=; Q2=

and

N =123}, No={1,3}, N3=1{1,2}, Ny;=1{5}, WN;=1{4}.

The data was simulated according to the following algorithm Let A = >, c 4 A\o. We generate
the data according to an iterative procedure for a fixed time period 7. The k-th iteration of the

procedure is as follows:
(i) Given yy_1 set yx = yi_1;
(ii) Generate a draw from the exponential distribution with mean 1/A and call it zy;
(iii) Randomly sample an agent from the set A, such that the probability that a is picked is A,/ A;

(iv) Given the agent selected in the previous step and the current choice configuration yy construct

a consideration set using Q,;

(v) If the consideration set is empty, then set y,r = o. Otherwise pick the best alternative

according to the preference order of agent a from the consideration set and assign it to yq .

Given the initial configuration of choices y, we applied the above algorithm till we reached
>k ok > T (On average the length of the sequence is A7). Define z, = 37, ;. The continuous
time data is {(yk, 2x)}. The discrete time data is obtained from the continuous time data by
splitting the interval [0, 7] into T = [T /A] intervals and recording the configuration of the network
at every time period t =iA, i =0,1,...,[T/A].

First, we estimate Q under the assumption that the network structure and preferences are

known. The experiment was replicated 1000 times for 6 different sample sizes. The results of these
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Table 10 - Bias and Root Mean Squared Error (RMSE) (x1073)

Sample Size

Attention Probabilities 10 50 100 500 1000 5000
Q(v|0) Bias 213.6 1649 133.2 65.1 42.3 9.4.
RMSE 259.1 1729 137.4 66.6 43.3 10.2

Q(v|1) Bias 66.4 53 469 272 18 2.7
RMSE 1039 66.9 556 31 209 5.6

Q(v]2) Bias 53.8 498 429 236 151 0.3

RMSE 943 64.6 528 272 178 4.4

Notes: The sample sizes of 10, 50, 100, 500, 1000, and 5000 correspond to A equal to 2500,

500, 250, 50, 25, and 5. The number of replications is 1000.
simulations are presented in Table 10. The estimator of Q performs well in terms of the mean bias
and the root mean squared error. As expected, the bias and the root mean squared error decrease
with the sample size.

Next we estimate the whole parameter vector since our method allows to consistently estimate
the network structure and the preference orders of individuals as well. Since in our example, without
any restrictions, there are 2441 = 1,048, 576 possible networks and (Y!)4 = 32 strict preference
orders, to make the problem computationally tractable we restricted the parameter space for I'
by making the following assumptions: (i) each person has at most two friends; (ii) the attention
mechanism is invariant across people and alternatives; and (iii) the network is undirected. As a
result, the number of possible networks becomes 112 (the number of possible preference orders is
still 32). The experiment was conducted 500 times for different sample sizes. Table 11 presents the
results of these simulations. With just 50 observations the network structure is correctly estimated
94.4 percent times. For the sample size of 500 the network structure and the preferences are

correctly estimated in all simulations.

Table 11 — Correctly Estimated Network & Preferences

Sample Size 10 50 100 500
Network 32.4% 94.4% 99.8% 100%
Preferences 34.6% 85.6% 97.6% 100%

Network & Preferences 13.4% 83%  97.4% 100%

Notes: The sample sizes of 10, 50, 100, and 500 correspond to A
equal to 2500, 500, 250, and 50. The number of replications is 500.
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C. Relation with a Peer-effects-in-preferences Model

In this appendix, we consider a more classical model of social interactions where choices of peers
affects ones preferences but not consideration and consideration is full (i.e., all alternatives are
always considered) and compare it with the extension of our initial model presented in Section 5.4.
To build a model of peer effects in preferences, we follow Brock and Durlauf (2001) and Brock
and Durlauf (2002) and assume that the utility that Person a gets from option v given configuration
y is
Ug + S5 (Yar Ng (¥)) + €3,

where u? is the private utility of Person a associated with option v; SY (y., Ni (y)) is strictly
increasing in N! (y) the social utility associated with the choice; and € is a random utility term,
independently and identically distributed across persons with a Type I extreme-value distribution.
Given the assumptions about the distribution of € and the assumption that consideration is full,
the distribution over options conditional on the network configuration can be represented by the

standard logit formula:

exp (ug + 5, (¥, Ng (¥)))

P,(v]y)= , ; , : (6)
Soexp (wf + 8¢ (v N (v)))
Recall that in our model
o 7. (C|y)
Pa(v|y):2:c e LU= 00" €C) : (7)

The following result shows that our model and the above model of peer effects in preference

have different empirical implications.

Proposition C.1. Any P can be consistent with the model represented by (6) or with the model

represented by (7), but not both.

Proof. By way of contradiction assume that some P is consistent with both (6) and (7). Since,

it is consistent with (7), by Proposition 5.4 we can identify I' and >. Fix any Person a; and
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y* = (0,0,...,0)/. Let v; and v}’ be the first and the second best preferred alternatives of a;.

Pa1 ('U;;k | y*) o C "
B o]y~ e el (C1Y7)
will not change if any of friends of a; switches to v} . However, since P is consistent with (6), then
Po, (vii |y*)  exp <u1 + Sar’ (yal,O))
Par(01y)  exp (ug, + S8, (Yar, NG, )

will increase if any of friends of a; switches to v; . The contradiction completes the proof. [

D. Gibbs Random Field Model

In this appendix, we connect our equilibrium concept with the so-called Gibbs equilibrium. This
solution concept has been extensively used in Economics to study social interactions. (See Allen,
1982, Blume, 1993, 1995, and Blume and Durlauf, 2003, among many others.) The starting point
of the Gibbs random field models is a set of conditional probability distributions. Each element of
the set describes the probability that a given person selects each alternative as a function of the
profile of choices of the other people. In our model, the set of conditional probabilities is (Pa),c 4

with a generic element given by

Po(0]y) = Qu (0] 40 Ne ) Ty (1= Qu (¢ [ 90N (v))) for v e Y andy € V™.

A Gibbs equilibrium is defined as a joint distribution over the vector of choices y, P (y), that is
able to generate (P,),. 4 as its conditional distribution functions.

Gibbs equilibria typically do not exist. (In the statistical literature, a similar existence problem
is referred as the issue of compatibility of conditional distributions.) The existence of Gibbs
equilibria depends on a great deal of homogeneity among people. In our model, it would also

require Q, (v | ya, No (y)) to be invariant with respect to y,. Condition G1 captures this restriction.
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(G1) Foreacha e A;ve Y, and y € yA, Q,(v]y)=Q, (v [N (y)).

Together with Assumption A1, this extra condition allows a simple characterization of the

invariant distribution . We describe this characterization next.

Proposition D.1. If Al and G1 are satisfied, then there exists a unique p. Also, p satisfies

1

A
ﬁ ZaeA AaPa (Yo | Y) 1o (Y-a) for eachy €Y.
ac a

p(y) =

Proof of Proposition D.1: The characterization of u follows as the invariant distribution
satisfies the balance condition Zy,eyfx w(y)m(y |y') =0 for each y EyA. The next steps show

this claim.

Dy n(y)mly|y) = 0
#) <_ 2y ™ 3')) T2y YImY) =0
—1(y) ZaEA Zy&e?\{ya} AaPa (b | y) + ZaGA Zy&e?\{ya} # o Y-a) AaPa(Wo | Y0 y-a) = 0

1Y) D penra (1= PaWa | YD)+ 242 5oy # WarY-a) AaPa (va [ Y6,y -a) = 0

1 / |
m ZGEA A {Zy,’ley H (ya’ yfa) P, (ya | Ya> Ya)} = U <Y>
1
SacdNa Y owenNaPaa | Y) oo (y-a) = nly).
ac a

In moving from the fifth line to the sixth one we used the fact that, in our model, P, (v, | ¥, ¥-a) =

Po (Yo | y—_a) for any y;e?"‘. |

In what follows, we will normalize the lambdas to the value of 1. From Proposition D.1, u

satisfies

1 _
n(y) = A ZaeA Po (o | Y) tt—a (y_q) for each y eyA, (8)

We next show that if (P,),., is a set of compatible conditional distributions, then 1 = P solves

(8). If we let u = P, then right hand side of (8) is

;ZQEAPCL (ya | Y> ZUG§P<U7Y—a) = ZZaEAP(y> = ﬁP(y) = P(y)
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Also, the left hand side of (8) is

Thus p (y) = P (y) solves (8) for each y ey’
As we mentioned earlier, and assumed in the last few lines, the existence of Gibbs equilibrium
also requires the set of conditional probabilities (P,),. 4 to be compatible. We formalize this idea,

next.

Definition: We say (P,),., is a set of compatible conditional distributions if there exists a joint

distribution P : Y — 0, 1], with eyt P (y) = 1, such that

P.(ya |y) =P (y) /Zyae§P (y) for each y eyA.

The technical conditions required for a set of conditional distributions to be compatible are
discussed in Kaiser and Cressie (2000). Their analysis implies that compatibility demands strong
symmetric restrictions. In particular, in the two people, two actions case, Arnold and Press (1989)

show that compatibility holds if and only if the next equality is satisfied

1-Q(A]0) Q1) 1-Q1]0) Q(L[1)

Q(1]0) 1-Q(1]1) Q(1]0) 1-Q(1]1)

The last result states that, under specific conditions, the Gibbs equilibrium coincides with pu. A
similar connection is discussed in Blume and Durlauf (2003). The next proposition puts together

all our previous ideas.

Proposition D.2. Assume Al and G1 hold. If (P,),., is a set of compatible conditional distribu-

tions, then P, (Yo | y) = 1 (¥) /ti—a (y—a) for each'y ey’

We next use our first example to illustrate this result.

Example 1 (continued). The conditional choice probabilities in Example 1 satisfy the compati-
bility requirements. Thus, there exists a joint distribution on y; and ys that can generate them

as its conditional distribution functions. In this simple case, the invariant distribution p of the
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dynamic revision process coincides with the Gibbs equilibrium of the model. To see this notice

that from our previous results we get

pio) = u@m%+u@J)=uﬁL®+#ML0%:1—Qii?;ﬂé1”0y

p) = p(,1)+plo1) =p(l,1)+p(l o) = 1_Q(ﬁ(11)’+0>Q(1!0)'

(Here again, we write ) instead of @), due to the symmetry across people.) Thus, the conditional

distributions are

1 (1,0) /1n(0) = Q(1]0) and 1 (0,0) /pt(0) = 1= Q (1] 0)
p(L1) /p(1) = Q1] 1) and p(o,1) /u(1) =1 - QL] ).

It follows that the conditional choice probabilities generated by equilibrium behavior coincide with

the conditional choice probabilities in the model. [ |

E. Additional Estimation Results

E.1. Additional Experiment

The dataset in Bai et al. (2019) contains two experiments with five players. We presented the
results for one of them. We next state that the estimates for the other one are quire similar.'®
This experiment contains 4248 observations. Similar to the experiment in the main text (the Main
Experiment), we present marginal shares of different alternatives in the Additional Experiment in
Table 12.

Looking at Table 12 we see that, in the Additional Experiment, all the players spend very little

time looking at the tablet. In addition, all players but Player 1 look to the left more often than

18The full dataset contains five experiments of up to eight people. For our study, we use the data coming from the
two experiments that have five players.
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Table 12 — Marginal Shares in the Additional Experiment (%)

Player 1 Player 2 Player 3 Player 4 Player 5
left 24.58 50.66 56.57 78.32 55.25
tablet 6.97 2.71 0.05 2.68 0.94
right 68.45 46.63 43.38 19 43.81

Notes: The sample size is 4248.
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Figure 3 — Consideration probability as a function of the number of friends looking in the same
direction. Model I(a). Additional Experiment.
to the right. Recall, that the Main Experiment has more balanced shares. In other words, based
on these initial results, one may expect considerable differences in the two experiments regarding
preferences for directional sight. Interestingly, we get that this is not the case.

We estimated the same specification. Recall that in Model I(a), we assume there is no
heterogeneity in consideration probabilities across options and players, i.e., Q(-) = Q, (v | -) for all
a and v. Model I(b) adds heterogeneity in consideration probabilities across players. All the models
we estimate allow for unrestricted heterogeneity in preferences regarding directional visual sight.

Figure 3 shows the estimates for the consideration probabilities of Model I(a) for the Additional
Experiment. Identically to the Main Experiment, the estimated preferences for directional sight
coincide for all players. Specifically, all players prefer looking to the left, then to tablet, and then to
the right. Thus, in the first specification of our model, all the players, as in the Main Experiment,
show the left-to-right bias.

Figure 4 shows the estimates for the consideration probabilities for Model I(b) in Experiments
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Figure 4 — Consideration probabilities for different players as functions of the number of friends
looking in the same direction. Model I(b). Additional Experiment.

1 and 2. Similar to the case with homogeneity, many of the consideration probabilities for each
direction of sight are indeed increasing in the number of players looking at that direction. The
estimated preference orders coincide in Models I(a) and (b), for the two experiments. That is, here
again, all the players prefer looking to the left, then to tablet, and then to the right.

To sum up, despite considerable differences in raw marginal shares across players and across
experiments (see Tables 12 and 9), the preferences for directional sight of all players in both

experiments coincide.

E.2. Different Parts of the Sample

Given that the Resistance is a dynamic party game, in order to analyse the behavior of consideration
probabilities and preferences over time we estimated Models I(a) and I(b) presented in Section 6
using two different subsamples. The first subsample consists of the observations coming from the
middle half (i.e., we trowed away the first and the last quarter of observations). The second one
contains observations from the second half.

The estimated consideration set probabilities for the first subsample are presented in Figures 5-8.

The estimated preference orders are presented in Tables 13-14.
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Figure 5 — Consideration probability. Model Ia. Middle half of the samples.

Table 13 — Preferences. Model I(a).

Player 1 Player 2 Player 3 Player 4 Player 5
Middle half Additional Experiment L, T R L, TR L, TR L, T,R L, TR
Main Experiment L, T.R L/ T,R L/T,R L, T.R L, T.R
2nd half  Additional Experiment L,T R L, T.R L T.R L,T.R L, T.R
Main Experiment LT )R L,T.R L, TR L, T)R LT )R

E.3. Heterogeneity in Consideration Probabilities Across Choices

In this section we present results of estimation of the following specifications of the model:

(i) Model Ie: Q, (v | ya, N (y)) = Q (v [ NG (y)) for all a,v,y;

(ii) Model ITa: Q, (v | ya, N? (y)) = Q (State, N? (y)) for all a,v,y. State equals to 1 if v = y,,

and 0 otherwise.

(iii) Model IIb: Q, (v | ya, N, (y)) = Q, (State, N, (y)) for all a,v,y. State equals to 1 if v = y,,

and 0 otherwise.

The estimated consideration probabilities are presented in Figures 9- 12 and Tables 15- 17.
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Figure 6 — Consideration probabilities. Model I(b). Middle half of the samples.
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Figure 8 — Consideration probabilities. Model I(b). Second half of the samples.
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Figure 9 — Consideration probabilities. Model Ic.

——Q(r)
0 1 2 3 4
Number of friends
(a) Additional Experiment
—e—State = 1
—=— State = 0
0 1 2 3 4

Number of friends

(a) Additional Experiment

Consideration probability

—_
.
f

<
oo

<
)

o
o

e
[\

)

—o—State =1
—=— State =0

S e

0 1 2 3 4
Number of friends

(b) Main Experiment

Figure 10 — Consideration probabilities. Model Ila.
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Figure 12 — Consideration probabilities.
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Table 14 — Preferences. Model I(b).

Player 1 Player 2 Player 3 Player 4 Player 5

Middle half Additional Experiment L, T,R L TR L T.R L TR L/TR
Main Experiment L, TR L, TR L,T,R L,T'R L/ TR

2nd half  Additional Experiment  L,T,R L, T.R L, T.R L, T.R L/ TR
Main Experiment L T.R L T.R L,T.R L TR L/ TR

Table 15 — Preferences. Model Ic

Player 1 Player 2 Player 3 Player 4 Player 5

Additional Experiment  T,L,R T,L,R L, T.R T,L,R L, T.R
Main Experiment T,L,R T,L.R L TR T,L,R T,L,R

Table 16 — Preferences. Model I1a

Player 1 Player 2 Player 3 Player 4 Player 5

Additional Experiment L, T,R L TR L TR L, T.R L/ TR
Main Experiment L T.R L TR L, TR L T.R L TR

Table 17 — Preferences. Model IIb

Player 1 Player 2 Player 3 Player 4 Player 5

Additional Experiment  L,T,R L TR L/ TR L T.R L TR
Main Experiment L TR L TR L TR L, T.R L T.R
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